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Âñòóï
Ëiíiéíà àëãåáðà òà àíàëiòè÷íà ãåîìåòðiÿ -öå ôóíäàìåíòàëüíi äèñöèïëiíè,

ùî âèêëàäàþòüñÿ íà óñiõ áåç âèíÿòêó ñïåöiàëüíîñòÿõ. Ìàòðèöi òà âåêòîðè -

öå åëåìåíòè ñó÷àñíî¨ íàóêîâî¨ ìîâè. Íåìîæëèâî óÿâèòè áåç íèõ íå òiëüêè

iíæåíåðíi ðîçðàõóíêè, àëå é àíàëiç äàííèõ òà åêîíîìi÷íó òåîðiþ.

Áåçóìîâíî, çàðàç ìàéæå íiêîëè íå âèêîíóòü ãðîìiçäêi îá÷èñëåííÿ áåç

âèêîðèñòàííÿ ÅÎÌ, àëå ïåðåä òèì, ÿê çàëó÷àòè äî ðîáîòè îá÷èñëþâàëüíó

òåõíiêó, ïîòðiáíî íà ïðîñòèõ ïðèêëàäàõ �ç'ÿñóâàòè�, ùî æ òàì âiäáóâà¹òüñÿ

âñåðåäèíi.

Âðàõîâóþ÷è âñå âèùåçãàäàíå òà òå, ùî îáñÿã íàâ÷àëüíî¨ äèñöiïëiíè �Âèùà

ìàòåìàòèêà� ñóòò¹âî ñêîðî÷åíî, ìè ñôîðìóâàëè çàäà÷i âiäïîâiäíîãî ðiâíÿ:

ùîá îäíî÷àñíî íå ïåðåâàíòàæóâàòè ñòóäåíòiâ ðîçðàõóíêàìè òà, â òîé æå ÷àñ,

îïðàöþâàòè êëþ÷îâi ïîíÿòòÿ òà íàâè÷êè.

Ñàìîñòiéíà ðîáîòà ñòóäåíòiâ ¹ âèçíà÷àëüíîþ äëÿ çàñâî¹ííÿ îñíîâíèõ

ïîíÿòü ìàòåìàòèêè. Îäíèì ç åëåìåíòiâ ñàìîñòiéíî¨ ðîáîòè ¹ âèêîíàííÿ iíäè-

âiäóàëüíèõ òèïîâèõ ðîçðàõóíêiâ. Ðîçðàõóíêîâà ðîáîòà ñïðèÿ¹ ïîãëèáëåíîìó

çàñâî¹ííþ ìåòîäiâ ðîçâ'ÿçàííÿ òèïîâèõ ìàòåìàòè÷íèõ çàäà÷, ùî ìàþòü ïðèê-

ëàäíi çíà÷åííÿ, à òàêîæ íàâ÷à¹ ñòóäåíòiâ ïðàöþâàòè ñàìîñòiéíî ç äîäàòêîâîþ

ëiòåðàòóðîþ.

Çàïðîïîíîâàíèé çáiðíèê ìiñòèòü 30 âàðiàíòiâ iíäèâiäóàëüíèõ çàâäàíü

iç òàêèõ òåì: ìàòðèöi, âèçíà÷íèêè, ñèñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü,

âåêòîðè, ñêàëÿðíèé, âåêòîðíèé òà ìiøàíèé äîáóòêè âåêòîðiâ, ïðÿìà íà ïëîùèíi

i â ïðîñòîði, ïëîùèíà, ëiíi¨ äðóãîãî ïîðÿäêó.

Äëÿ âèêîíàííÿ çàâäàíü âàðiàíòà ðîçðàõóíêîâî¨ ðîáîòè óêëàäà÷i ïðîïîíóþòü

ñòóäåíòàì îçíàéîìèòèñÿ ç òåîðåòè÷íèì ìàòåðiàëîì çà âiäïîâiäíèìè äæåðåëàìè

çi ñïèñêó ðåêîìåíäîâàíî¨ ëiòåðàòóðè, à òàêîæ îïðàöþâàòè íàâåäåíi ïðèêëàäè

ðîçâ'ÿçóâàííÿ òèïîâèõ çàâäàíü.
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1. Âàðiàíòè iíäèâiäóàëüíèõ çàâäàíü

Âàðiàíò 1

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) ATB −BTA, ÿêùî A =

 3 −1 2

−2 0 3

1 2 4

, B =

 0 2 3

1 3 5

−1 0 1

 ;

(b) 2A2 − 3BC + 5E, ÿêùî A =

 4 1 0

−1 3 1

0 2 3

, B =

 3 1

−2 3

0 1

 ,

C =

(
3 1 2

−1 4 2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a)

(
2 −3

5 −3

)
+ 2 ·X =

(
−2 1

5 7

)
;

(b)

(
1 2

3 4

)
·X ·

(
−1 0

2 1

)
=

(
7 5

13 9

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x3 − x2 + 3x + 4 âiä ìàòðèöi A,

ÿêùî A =

(
5 −2

−1 3

)
.

4. Ðîçâ'ÿçàòè ðiâíÿííÿ:

∣∣∣∣∣3x− 1 1

x + 1 x

∣∣∣∣∣ = 0.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
x + 2y + 4z = 8,

−2x + 3y = 13,

x + 4y − 2z = 8;

(b) ìåòîäîì �àóñà



x1 − x2 − x3 + 2x4 = 8,

x1 + x2 − x3 − 3x4 = −5,

6x1 + 2x2 − x3 − 5x4 = 0,

4x1 + 3x2 − x3 − 2x4 = 6.

6. Äàíî âåêòîðè −→a = (2;−3; 1),
−→
b = (−1; 2;−3), −→c = (5; 4; 2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (12;−8; 13) çà

âåêòîðàìè −→a ,
−→
b ,−→c .

7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (−1; 2; 0),
−→
b = (1;−3; 4), −→c = (0; 1;−2)

çíàéòè:
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(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òðè òî÷êè A(4; 3), B(−2; 1), C(2;−3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(2; 1;−3), B(1; 0;−2), C(−1; 3; 1), S(0; 5; 2).Äîâåñòè,

ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 2x + y2 − 4y + 1 = 0;

(b) 64x2 + 384x + 100y2 − 400y − 5424 = 0;
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(c) 25x2 + 150x− 144y2 + 576y − 3951 = 0;

(d) 8x2 + 16x− y + 11 = 0.

Âàðiàíò 2

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 −2 −3 1

0 1 4

2 −2 0

, B =

 −2 6 −2

7 0 3

−1 3 9

 ;

(b) A2 + 2BC + 3E, ÿêùî A =

 4 3 1

−1 3 2

0 2 1

, B =

 1 3

−1 2

2 −1

 ,

C =

(
3 0 1

−1 4 3

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·X +

(
10 1

4 −6

)
=

(
4 7

−2 0

)
;

(b)

(
−1 3

2 4

)
·X ·

(
−2 1

2 1

)
=

(
1 5

−3 2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x3 + 5x2 + 2x − 3 âiä ìàòðèöi A,

ÿêùî A =

(
1 3

−1 2

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣1− x 4

2− x x

∣∣∣∣∣ ≤ −4.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóññà, ìàòðè÷íèì ìåòîäîì òà çà ôîðìóëàìè Êðàìåðà
2x1 + 2x2 + 3x3 = 10,

−3x1 + 4x2 + 5x3 = −3,

x1 − 2x2 − 2x3 = 1.

(b) ìåòîäîì �àóññà òà çà ôîðìóëàìè Êðàìåðà



3x1 − 2x2 + x3 + 4x4 = 5,

3x1 + 3x2 + 2x3 − 3x4 = −10,

2x1 + x2 + x3 − 4x4 = −14,

−3x2 + 2x3 + 3x4 = 8.

6. Äàíî âåêòîðè −→a = (−3; 2; 4),
−→
b = (2; 5;−1), −→c = (1;−1; 3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−7; 12;−2) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3; 2;−1),
−→
b = (1;−3; 4), −→c = (−2; 1;−2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òðè òî÷êè A(3; 3), B(−5;−3), C(−8; 1). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(2;−1;−3), B(1; 3;−2), C(−1;−3; 1), S(3; 5; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 6x + y2 + 10y + 18 = 0;

(b) 100x2 + 400x + 64y2 − 128y − 5936 = 0;

(c) 144x2 − 576x− 25y2 − 100y − 3124 = 0;

(d) x− 24y2 − 48y − 22 = 0.
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Âàðiàíò 3

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 −1 1 0

2 1 5

−1 0 −4

, B =

 2 7 1

−5 2 0

0 −2 8

;

(b) 3A2 − 2BC − 4E, ÿêùî A =

 −1 0 2

3 1 −1

1 −2 1

, B =

 0 2

−4 1

2 1

 ,

C =

(
−1 1 3

1 2 −2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·X − 2 ·

(
5 2

−3 1

)
=

(
6 2

−9 −5

)
;

(b)

(
0 2

−3 5

)
·X ·

(
2 −1

−4 3

)
=

(
0 2

11 4

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 3x4 − 2x3 + 5x + 1 âiä ìàòðèöi A,

ÿêùî A =

(
3 −1

1 −3

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2 + 3x x + 6

2 x

∣∣∣∣∣ > 0.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x1 + 3x2 + x3 = −5,

3x1 − 4x2 − 5x3 = 5

2x1 + 2x2 + 3x3 = 2.

(b) ìåòîäîì �àóñà



x1 − 2x2 + 3x3 + x4 = 2,

−x1 + 3x2 − x3 + 3x4 = −2,

x1 + x2 − 2x3 − x4 = −2,

3x1 − 2x2 + 3x3 + x4 = 0.

6. Äàíî âåêòîðè −→a = (2; 1; 3),
−→
b = (−3; 4;−3), −→c = (1;−2; 1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (11;−13; 0) çà

âåêòîðàìè −→a ,
−→
b ,−→c .

9



7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3; 1;−2),
−→
b = (1; 2;−1), −→c = (2;−1; 3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òðè òî÷êè A(−4; 2), B(3;−2), C(1; 5). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(−2; 3;−1), B(1; 1;−2), C(3; 2;−1), S(2; 4; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 4x + y2 + 8y + 11 = 0;

(b) 25x2 + 50x + 169y2 + 676y − 3524 = 0;

(c) 36x2 + 216x− 64y2 + 256y − 2236 = 0;

(d) x− 16y2 + 64y − 62 = 0.
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Âàðiàíò 4

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (A+B)(B−A)+A2−B2, äåA =

 −5 3 1

0 2 −4

−1 0 3

, B =

 −6 0 4

2 3 7

2 −1 3

 ;

(b) A2 + 4BC + 3E, ÿêùî A =

 1 −1 2

−1 3 −1

2 −2 1

, B =

 2 −1

2 −3

1 0

 ,

C =

(
−1 1 3

1 −1 2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·X +

(
6 2

0 −2

)
= 2 ·

(
1 −3

7 2

)
;

(b)

(
−3 1

4 −2

)
·X ·

(
7 5

3 2

)
=

(
−2 1

3 −5

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = −x4 + 3x3 + x + 2 âiä ìàòðèöi A,

ÿêùî A =

(
2 −2

−1 4

)
.

4. Ðîçâ'ÿçàòè ðiâíÿííÿ:

∣∣∣∣∣2x2 − 3 x + 2

x 1

∣∣∣∣∣ = 0.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x− 2y + 3z = 1,

3x− 5y + 4z = 5,

4x + 2y + 15z = −1.

(b) ìåòîäîì �àóñà



2x1 − x2 + 2x3 − 3x4 = 0,

3x1 − 2x2 + x3 + x4 = 6,

−x1 + x2 + 3x3 + 5x4 = 18,

2x1 + 3x2 + 4x3 + x4 = 6.

6. Äàíî âåêòîðè −→a = (1; 2; 3),
−→
b = (4;−3;−2), −→c = (−1; 5; 4). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (8;−13;−11)

çà âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3;−1; 2),
−→
b = (−1; 2; 4), −→c = (3; 1;−1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òðè òî÷êè A(1;−2), B(−2; 3), C(3; 4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(1; 2; 3), B(−3;−2; 2), C(−1; 3;−4), S(1; 3; 7).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 8x + y2 + 2y + 8 = 0;

(b) 100x2 + 600x + 64y2 − 256y − 5244 = 0;

(c) 144x2 + 576x− 25y2 + 50y − 3049 = 0;

(d) x− 8y2 + 48y − 69 = 0.
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Âàðiàíò 5

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 0 3 −2

0 3 1

3 4 −3

, B =

 2 −3 1

−5 3 2

2 0 7

 ;

(b) 3A2 + 2BC − 7E, ÿêùî A =

 5 −1 2

1 4 −1

2 1 3

, B =

 0 2

2 1

3 4

 ,

C =

(
−1 2 1

1 3 −2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·X − 3 ·

(
1 −1

2 0

)
=

(
3 9

2 −4

)
;

(b)

(
10 9

2 2

)
·X ·

(
0 2

3 4

)
=

(
13 9

7 5

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x4 − x3 + 3x2 + 2 âiä ìàòðèöi A,

ÿêùî A =

(
−2 3

2 4

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x + 1 4x

2 x− 3

∣∣∣∣∣ ≥ 8.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
3x + 2y − z = −4,

4x− 3y − 4z = −14,

−2x + y + 3z = 5.

(b) ìåòîäîì �àóñà



2x1 − 3x2 + x3 + 4x4 = −4,

x1 + 2x2 + 3x3 − x4 = 5,

3x1 − x2 + 2x3 − x4 = −9,

−2x1 + 3x2 + x3 − 5x4 = 4.

6. Äàíî âåêòîðè −→a = (4;−3; 5),
−→
b = (−1; 2; 7), −→c = (2;−3; 1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−9; 5;−6) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3; 1; 2),
−→
b = (1;−2; 1), −→c = (2; 3;−1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òðè òî÷êè A(5; 3), B(−2;−1), C(−4; 4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(4;−1;−2), B(1; 2;−3), C(1;−3; 1), S(2; 1; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 2x + 10 + y2 − 10y = 0;

(b) 169x2 + 1014x + 144y2 − 576y − 22239 = 0;

(c) 25x2 + 50x− 144y2 − 864y − 4871 = 0;

(d) x + 16y2 − 32y + 19 = 0.
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Âàðiàíò 6

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) ATB −BTA, ÿêùî A =

 −7 0 −2

0 2 −3

−1 3 9

, B =

 2 2 −1

−3 2 0

4 −1 7

 ;

(b) 2A2 + 4BC + 3E, ÿêùî A =

 0 2 3

−1 1 −1

2 1 1

, B =

 −2 3

1 4

2 3

 ,

C =

(
−2 1 1

1 2 3

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) X − 2 ·

(
3 1

9 −2

)
= 3 ·

(
5 0

−1 3

)
;

(b)

(
3 4

−2 −1

)
·X ·

(
2 1

−3 −2

)
=

(
3 4

−2 −1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 7x3 + 2x2 − 3x + 5 âiä ìàòðèöi A,

ÿêùî A =

(
5 −1

2 4

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x− 1 x− 2

3 x

∣∣∣∣∣ ≤ 12.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x− 3y + 3z = −1,

7x + 3y − 2z = 7,

4x + y + 3z = −7.

(b) ìåòîäîì �àóñà



x1 + x2 + 2x3 − x4 = 2,

2x1 − 2x2 + 2x3 + x4 = 6,

x1 + x2 + x3 + 4x4 = −10,

2x1 − 3x2 + x3 − x4 = 11.

6. Äàíî âåêòîðè −→a = (−6; 1; 5),
−→
b = (2; 3;−1), −→c = (3;−2; 2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−6; 14;−2) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (−1;−2; 4),
−→
b = (2; 3;−1), −→c = (1; 2;−2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òðè òî÷êè A(−3;−2), B(1;−3), C(3; 4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(−2;−1;−3), B(4; 3;−2), C(−1; 0; 3), S(2;−3; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 8x + y2 + 4y − 5 = 0;

(b) 100x2 + 600x + 36y2 − 144y − 2556 = 0;

(c) −144x2 − 576x + 25y2 − 50y − 4151 = 0;

(d) x− 12y2 + 48y − 47 = 0.

16



Âàðiàíò 7

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 0 2 −5

−2 3 1

2 0 5

, B =

 9 −2 0

0 −3 2

−4 1 7

 ;

(b) 4A2 + BC + 2E, ÿêùî A =

 −2 3 1

2 1 3

2 −2 1

, B =

 4 −1

1 2

−1 3

 ,

C =

(
2 0 1

1 3 −2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·

(
4 −2

1 7

)
− 3 ·X =

(
−7 2

5 −1

)
;

(b)

(
5 7

−1 −2

)
·X ·

(
2 1

4 5

)
=

(
−1 −5

7 2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = −3x4 + x2 − 5x + 1 âiä ìàòðèöi A,

ÿêùî A =

(
5 1

2 −3

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x + 1 2x

3 x− 2

∣∣∣∣∣ < 12− 2x.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
3x + y − z = −1,

2x− 3y − 3z = 1,

−3x + 2y + 2z = −4.

(b) ìåòîäîì �àóñà



x1 + 3x2 + x3 + x4 = −8,

x1 − x2 − x3 − 2x4 = 8,

−x1 + 2x2 + x3 + x4 = −9,

3x1 − x2 − 3x3 + x4 = 4.

6. Äàíî âåêòîðè −→a = (3; 2; 1),
−→
b = (−2; 1;−2), −→c = (1;−3;−1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−2; 13;−2) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (−3; 1; 1),
−→
b = (1;−2; 3), −→c = (2;−1;−2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(2; 3), B(4;−1), C(−3; 5). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(3; 2; 5), B(2;−3;−2), C(−3; 1;−4), S(−1; 4; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 6x− 12 + y2 + 4y = 0;

(b) 144x2 − 864x + 169y2 + 676y − 22364 = 0;

(c) −64x2 − 128x + 36y2 + 216y − 2044 = 0;

(d) x− 12y2 + 48y − 45 = 0.
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Âàðiàíò 8

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (A+B)(B−A)+A2−B2, A =

 1 0 3

7 2 1

3 2 6

, B =

 −2 5 −2

1 2 3

−3 0 −1

 ;

(b) 3A2 + 2BC + 4E, ÿêùî A =

 −1 2 3

−2 1 4

1 0 2

, B =

 2 −1

3 1

2 3

 ,

C =

(
1 −1 −2

−1 3 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·

(
−1 2

4 0

)
+ 2 ·X =

(
1 −2

8 10

)
;

(b)

(
−3 −3

2 4

)
·X ·

(
1 −1

−5 7

)
=

(
1 −2

3 0

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x4 − x3 + 2x + 7 âiä ìàòðèöi A,

ÿêùî A =

(
−1 3

2 −4

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x + 3 x

9 2x− 1

∣∣∣∣∣ < 3.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x + 3y + 2z = −8,

3x + 3y + 2z = −5,

4x + y + 2z = 2.

(b) ìåòîäîì �àóñà



x1 + x2 + 3x3 + x4 = −4,

x1 − 2x2 + x3 − x4 = −8,

3x1 + 2x2 + 3x3 + x4 = 4,

2x1 − x2 + x3 − x4 = −2.

6. Äàíî âåêòîðè −→a = (1; 2; 3),
−→
b = (2;−3; 5), −→c = (−1; 2; 1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−3;−1; 2) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (1; 2;−1),
−→
b = (2;−3; 2), −→c = (1; 3;−1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(3;−4), B(2; 3), C(−1;−2). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(−2; 3; 3), B(1; 2; 2), C(−4;−3; 3), S(2;−1; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 4x + y2 − 8y − 5 = 0;

(b) 100x2 + 600x + 36y2 − 144y − 2556 = 0;

(c) −144x2 − 288x + 25y2 + 100y − 3644 = 0;

(d) x− 24y2 − 48y − 20 = 0.
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Âàðiàíò 9

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 8 0 −2

1 −3 7

0 −2 −4

, B =

 −3 1 −7

1 3 −8

0 1 −4

 ;

(b) 5A2 + 3BC + 2E, ÿêùî A =

 1 0 −2

2 1 3

1 −2 1

, B =

 −1 4

2 1

−3 2

 ,

C =

(
0 −1 3

1 2 5

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 4 ·X − 2 ·

(
5 7

3 1

)
=

(
2 −6

−2 10

)
;

(b)

(
−1 0

3 4

)
·X ·

(
1 −2

2 1

)
=

(
5 3

1 2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 3x4−x3−3x2+4x−1 âiä ìàòðèöi A,

ÿêùî A =

(
2 3

1 −2

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x + 3 x− 1

4 x

∣∣∣∣∣ < 7.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x + 3y + 4z = 6,

x + 2y + z = 7,

5x + y + z = 7.

(b) ìåòîäîì �àóñà



2x1 + 3x2 − x3 + x4 = 11,

−x1 − x2 + 4x3 + 2x4 = 5,

x1 + x2 + x3 − x4 = −5,

3x1 + x2 − x3 − x4 = −7.

6. Äàíî âåêòîðè −→a = (3; 2; 1),
−→
b = (−2; 5; 1), −→c = (1;−4; 3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (8;−12; 2) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (4;−1; 2),
−→
b = (−1; 3; 1), −→c = (3; 0; 1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(3;−5), B(−2;−3), C(1; 5). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(1;−4; 3), B(3; 1;−2), C(−2; 3;−1), S(2; 1; 7).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 8x + y2 − 6y = 0;

(b) 9x2 − 18x + 25y2 + 100y − 116 = 0;

(c) −144x2 + 864x + 25y2 + 100y − 4796 = 0;

(d) 12x2 − 24x + y + 9 = 0.
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Âàðiàíò 10

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó

(a) ATB −BTA, ÿêùî A =

 2 3 −1

4 1 −2

5 0 2

, B =

 0 −1 3

2 3 −3

−4 0 −2

 ;

(b) 3A2 + 5BC − 4E, ÿêùî A =

 −3 2 1

1 3 −1

1 −2 2

, B =

 2 4

1 3

−1 1

 ,

C =

(
−3 2 −2

3 1 −3

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 4 ·X − 3 ·

(
1 5

2 −1

)
=

(
1 −3

2 1

)
;

(b)

(
−3 −5

2 3

)
·X ·

(
1 2

−3 −3

)
=

(
0 −7

2 3

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x4−x3−3x−3 âiä ìàòðèöi A, ÿêùî

A =

(
1 −3

−1 5

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x + 3 x− 1

4 2x

∣∣∣∣∣ ≤ 16.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
x + 2y − z = 11,

2x− y − 3z = 4,

7x− 2y + z = −3.

(b) ìåòîäîì �àóñà



x1 + 2x2 − 3x3 − x4 = 3,

5x1 + x2 + x3 + 4x4 = 19,

7x1 − 5x2 − 3x3 − 12x4 = −11,

2x1 − x2 + 2x3 + x4 = 4.

6. Äàíî âåêòîðè −→a = (1;−4; 3),
−→
b = (3; 2; 1), −→c = (−2; 5; 1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (8;−12; 2) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (4;−2; 3),
−→
b = (−2; 2;−1), −→c = (3; 1; 1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(3; 5), B(−2; 3), C(−4;−2). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(4; 2;−3), B(−1; 3;−4), C(2;−3; 1), S(1; 3; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 4x + y2 − 2y − 4 = 0;

(b) 169x2 + 338x + 144y2 + 864y − 22871 = 0;

(c) 16x2 + 64x− 9y2 + 18y − 89 = 0;

(d) 16x2 + 32x− y + 12 = 0.
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Âàðiàíò 11

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 2 3 −2

0 −4 3

−1 2 3

, B =

 1 4 −5

3 1 −3

2 0 −6

 ;

(b) A2 + 2BC + E, ÿêùî A =

 2 1 4

1 −3 2

1 0 −1

, B =

 2 −3

−1 2

1 −2

 ,

C =

(
−1 2 3

1 3 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·X + 5 ·

(
3 2

−1 4

)
=

(
−1 2

7 −2

)
;

(b)

(
2 −3

3 −4

)
·X ·

(
1 −2

−3 1

)
=

(
2 −3

−1 −2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = −4x4 + x2 − 5x + 3 âiä ìàòðèöi A,

ÿêùî A =

(
−3 2

7 1

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x− 1 9

x x + 3

∣∣∣∣∣ > −3.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
x− 3y + 2z = −15,

2x + 5y − z = 24,

5x− 2y + z = −5.

(b) ìåòîäîì �àóñà



x1 + 2x2 − x3 + x4 = −3,

2x1 + x2 + x3 + 2x4 = 3,

x1 + 3x2 + 4x3 − x4 = 10,

x1 + x2 + x3 + x4 = 2.

6. Äàíî âåêòîðè −→a = (5;−3; 4),
−→
b = (7; 2;−1), −→c = (1;−3; 2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−6; 5;−9) çà

âåêòîðàìè −→a ,
−→
b ,−→c .

25



7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (2;−5;−1),
−→
b = (−3; 3; 1), −→c = (1;−3; 2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−3; 1), B(4;−3), C(2; 4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(3; 2;−1), B(4;−2; 2), C(−3;−2;−5), S(2; 4; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 8x + y2 − 4y − 5 = 0;

(b) 169x2 + 676x + 25y2 − 150y − 3324 = 0;

(c) 25x2 + 50x− 144y2 − 576y − 4151 = 0;

(d) x− 17− 4y2 − 16y.
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Âàðiàíò 12

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (A+B)(B−A)+A2−B2,A =

 4 0 1

1 2 −3

−7 1 5

, B =

 2 1 −3

0 3 −4

2 −2 0

 ;

(b) 2A2 + 4BC − 3E, ÿêùî A =

 0 −2 1

1 3 −2

1 −4 1

, B =

 1 3

2 −1

1 −2

 ,

C =

(
2 0 1

1 −1 3

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) X − 3 ·

(
1 −2

0 −1

)
=

(
9 −1

2 4

)
;

(b)

(
−7 1

2 0

)
·X ·

(
3 2

−1 1

)
=

(
1 2

3 −1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 7x3 + 2x2 − 3x − 2 âiä ìàòðèöi A,

ÿêùî A =

(
2 3

4 −1

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x + 5 x

2 x− 1

∣∣∣∣∣ ≥ −2.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x + 3y − z = 16,

3x− 5y − 5z = −7,

−5x + 2y + 3z = −3.

(b) ìåòîäîì �àóñà



2x1 + 2x2 + x3 + x4 = 3,

3x1 + 5x2 + 2x3 + x4 = 6,

8x1 + x2 − 3x3 + x4 = 3,

3x1 − 7x2 + x3 + 5x4 = −4.

6. Äàíî âåêòîðè −→a = (1; 2;−1),
−→
b = (3; 2; 1), −→c = (5;−3; 2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (2;−1;−3) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (2; 1; 2),
−→
b = (1; 4;−2), −→c = (−1; 1; 3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−1;−2), B(3;−4), C(−1; 3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(5;−1;−5), B(2; 1;−1), C(−4;−2; 3), S(3;−3; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 4x + y2 − 2y − 11 = 0;

(b) 100x2 + 600x + 64y2 − 256y − 5244 = 0;

(c) 36x2 + 144x− 64y2 + 128y − 2224 = 0;

(d) −4x2 − 8x + y − 6 = 0.
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Âàðiàíò 13

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 0 1 −2

3 5 7

−1 0 −4

, B =

 2 −3 5

2 7 0

8 −2 1

 ;

(b) 2A2 + 3BC − 4E, ÿêùî A =

 −2 1 3

1 3 −1

2 1 4

, B =

 2 1

1 2

−1 3

 ,

C =

(
−3 1 −1

2 3 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·X + 3 ·

(
5 −2

4 1

)
=

(
3 8

−2 5

)
;

(b)

(
3 −2

−3 1

)
·X ·

(
4 2

−1 −3

)
=

(
0 −2

4 1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x4 + 3x3 + 2x − 3 âiä ìàòðèöi A,

ÿêùî A =

(
1 2

−3 1

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x− 3 x + 1

4 3

∣∣∣∣∣ < x2 − 16.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
x− 3y + 2z = 10,

2x + 5y − z = −1,

2x− 2y + 9z = −10.

(b) ìåòîäîì �àóñà



2x1 + x2 + 5x3 + x4 = 12,

4x1 − 3x2 + 2x3 + 5x4 = 1,

3x1 + 2x2 + 3x3 + x4 = 5,

2x1 + 7x2 − 2x3 − 3x4 = −9.

6. Äàíî âåêòîðè −→a = (2; 1; 4),
−→
b = (4;−2;−1), −→c = (−5; 3;−2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (24;−11; 5) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (−1; 3; 3),
−→
b = (1; 2;−3), −→c = (2;−1; 1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(5; 1), B(−2; 4), C(−4;−3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(−1; 3;−5), B(2; 1;−1), C(4;−1; 2), S(2;−1; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 6x + 21 + y2 − 8y = 0;

(b) 25x2 + 50x + 169y2 + 676y − 3524 = 0;

(c) −64x2 − 256x + 36y2 − 72y − 2524 = 0;

(d) x− 63− 16y2 + 64y = 0.
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Âàðiàíò 14

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó

(a) ATB −BTA, ÿêùî A =

 3 5 0

0 7 2

−1 −2 3

, B =

 4 −3 −2

2 3 5

0 3 −1

 ;

(b) 3A2 −BC + 4E, ÿêùî A =

 −1 −2 2

2 1 3

2 1 3

, B =

 2 −1

−1 0

−1 3

 ,

C =

(
−2 −1 4

2 0 −2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 5 ·X − 2 ·

(
3 1

2 −1

)
=

(
−1 8

6 7

)
;

(b)

(
7 4

2 1

)
·X ·

(
−5 0

3 −1

)
=

(
8 1

10 −2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 3x4+x3−x+1 âiä ìàòðèöi A, ÿêùî

A =

(
−1 3

2 −4

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x− 1 2x

x + 2 x + 3

∣∣∣∣∣ ≤ −3.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
−2x + y + 3z = 13,

3x + 2y + 4z = −4,

2x + y + 5z = −1.

(b) ìåòîäîì �àóñà



−x1 + x2 + x3 − 2x4 = 2,

x1 − 3x2 + 4x3 − x4 = −9,

2x1 + 3x2 − 2x3 + 3x4 = 9,

3x1 − 2x2 − x3 + 4x4 = −5.

6. Äàíî âåêòîðè −→a = (3; 5; 2),
−→
b = (−1;−2; 1), −→c = (−2; 4;−3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (11; 3; 14) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (2;−2; 3),
−→
b = (1; 1; 4), −→c = (1;−3; 3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òðè òî÷êè A(1;−3), B(5; 1), C(−2; 4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(−1; 4;−2), B(4; 3; 2), C(−2;−3;−1), S(3; 1; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 2x + y2 − 8 = 0;

(b) 100x2 + 400x + 36y2 − 72y − 3164 = 0;

(c) −144x2 − 288x + 25y2 − 150y − 3519 = 0;

(d) 12x2 + 24x− y + 14 = 0.
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Âàðiàíò 15

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 1 −6 4

3 −2 5

2 1 4

, B =

 0 3 2

1 5 0

−1 2 1

 ;

(b) A2 + 2BC − 3E, ÿêùî A =

 2 −1 1

−3 2 −2

1 2 −1

, B =

 2 −1

3 2

−1 3

 ,

C =

(
0 −2 3

1 3 2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·X + 2 ·

(
8 −3

1 7

)
=

(
1 3

−1 2

)
;

(b)

(
6 3

4 1

)
·X ·

(
2 0

−1 1

)
=

(
2 3

−1 2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x4 − x3 − 2x2 + 5 âiä ìàòðèöi A,

ÿêùî A =

(
2 −1

1 5

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣3x− 2 4x

2 x + 1

∣∣∣∣∣ > −6.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x + 2y + 5z = −5,

−3x− y + 2z = 13,

x + 2y + z = −6.

(b) ìåòîäîì �àóñà



2x1 + 3x2 + x3 − 2x4 = −2,

3x1 + x2 − 3x3 + 2x4 = −2,

x1 + 3x2 − 2x3 + 2x4 = −11,

4x1 − x2 + x3 + x4 = 11.

6. Äàíî âåêòîðè −→a = (2; 1; 3),
−→
b = (3;−2; 1), −→c = (−1; 4;−2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−8; 20;−3) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3;−1; 2),
−→
b = (4;−2;−3), −→c = (1; 1;−2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(5;−1), B(−1; 3), C(−2;−4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(−3;−1; 1), B(2; 1;−2), C(1;−2; 3), S(4;−2; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 6x + 9 + y2 + 2y = 0;

(b) 25x2 − 200x + 9y2 − 36y + 211 = 0;

(c) 144x2 + 288x− 25y2 + 150y − 3681 = 0;

(d) −4x2 − 8x− 7 + y = 0.
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Âàðiàíò 16

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (A+B)(B−A)+A2−B2,A =

 −5 0 −2

2 3 0

−1 −3 3

, B =

 4 1 3

0 −1 2

9 −2 0

 ;

(b) 3A2 + 3BC − 7E, ÿêùî A =

 −1 3 2

1 1 3

2 0 −1

, B =

 2 3

−1 2

2 5

 ,

C =

(
−2 0 3

3 1 −2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·X − 2 ·

(
1 3

−1 2

)
=

(
1 −3

−1 2

)
;

(b)

(
−5 3

−1 2

)
·X ·

(
4 1

−1 1

)
=

(
0 −1

3 4

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x3 + 3x2 − 4x − 2 âiä ìàòðèöi A,

ÿêùî A =

(
3 −4

1 2

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x2 + 1 x + 2

1− x −2

∣∣∣∣∣ < −4.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
3x + 4y + 2z = −3,

−2x + 3y + 2z = −2,

−2y + 3z = −7.

(b) ìåòîäîì �àóñà



2x1 − 5x2 + 2x3 + 2x4 = −9,

−2x1 + 3x2 − x3 − 2x4 = 4,

x1 + 5x2 − x3 − 2x4 = 0,

3x1 + x2 + x3 + 2x4 = −2.

6. Äàíî âåêòîðè −→a = (2; 1;−3),
−→
b = (−1; 3; 1), −→c = (3;−2;−1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−1; 10;−6) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (1;−2; 1),
−→
b = (2; 3;−4), −→c = (2;−3; 2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(3;−2), B(2; 4), C(−3;−4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(3;−2;−1), B(4; 2;−4), C(−2; 1; 3), S(2;−1; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 4x + y2 − 2y − 4 = 0;

(b) 16x2 + 96x + 25y2 − 100y − 156 = 0;

(c) −25x2 − 50x + 144y2 + 576y − 3049 = 0;

(d) 4x2 + 8x + 1 + y = 0.
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Âàðiàíò 17

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 0 2 −2

4 3 0

−1 −2 4

, B =

 −1 3 7

0 1 2

0 −2 3

 ;

(b) 2A2 + 4BC − 3E, ÿêùî A =

 −2 1 3

1 3 −2

1 −1 2

, B =

 4 −3

1 2

2 −1

 ,

C =

(
1 −1 3

2 1 2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·

(
4 1

3 −1

)
− 3 ·X =

(
2 −4

0 4

)
;

(b)

(
3 −2

−4 4

)
·X ·

(
1 1

5 2

)
=

(
3 −1

3 2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x4 + x3 − 4x + 1 âiä ìàòðèöi A,

ÿêùî A =

(
−2 3

7 1

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x− x2 3x

−5 2

∣∣∣∣∣ ≥ 13x.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
−2x− 5y + z = 12,

2x + 4y + 3z = 6,

3x + y + z = 5.

(b) ìåòîäîì �àóñà



−2x1 + x2 + x3 − x4 = 5,

x1 + 6x2 + 2x3 + x4 = 6,

4x1 − 2x3 + 6x4 = −2,

x1 + 6x2 − 2x3 − x4 = 12.

6. Äàíî âåêòîðè −→a = (2; 3; 1),
−→
b = (1;−4; 2), −→c = (1; 2;−3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (0;−8; 19) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3;−2; 0),
−→
b = (0; 1; 2), −→c = (2;−1; 3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−3;−4), B(−1; 3), C(2; 1). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(−1; 2;−1), B(4; 1;−2), C(1; 2;−4), S(2; 3; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 6x + 9 + y2 − 4y = 0;

(b) 25x2 + 150x + 9y2 − 36y + 36 = 0;

(c) −36x2 − 144x + 64y2 − 128y − 2384 = 0;

(d) x− 8y2 + 48y − 70 = 0.
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Âàðiàíò 18

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) ATB −BTA, ÿêùî A =

 4 2 −1

−7 2 0

5 −2 3

, B =

 2 −3 4

0 1 −3

−1 3 0

 ;

(b) 4A2 − 3BC − 5E, ÿêùî A =

 1 1 −5

2 3 2

1 −2 −1

, B =

 0 −1

−2 3

2 1

 ,

C =

(
−1 1 3

2 4 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 5 ·

(
1 3

−1 5

)
+ 2 ·X =

(
7 5

−9 5

)
;

(b)

(
−4 −2

1 2

)
·X ·

(
3 1

1 −1

)
=

(
0 2

1 5

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x4+2x3−3x2+2x−4 âiä ìàòðèöi A,

ÿêùî A =

(
1 −2

−4 1

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣ x 4

x− 2 x + 3

∣∣∣∣∣ ≤ 8− 7x.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
5x + y + z = 7,

3x− 3y − z = 5,

2x + 6y + 3z = 2.

(b) ìåòîäîì �àóñà



2x1 + x2 + x3 − x4 = 0,

x1 − x2 − 2x3 + x4 = 1,

3x1 + x2 + x3 − x4 = 12,

x1 + 3x2 − 2x3 + 2x4 = 15.

6. Äàíî âåêòîðè −→a = (2; 1; 3),
−→
b = (−3; 2;−1), −→c = (4;−5; 2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (4;−12;−5) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (0; 1;−2),
−→
b = (−1; 2; 3), −→c = (2; 3; 1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(4; 3), B(2;−1), C(−1;−4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(4; 2;−2), B(3;−1;−1), C(1; 5; 2), S(3;−2; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 2x + y2 + 6y − 15 = 0;

(b) 100x2 + 400x + 36y2 − 72y − 3164 = 0;

(c) 64x2 + 128x− 36y2 − 216y − 2564 = 0;

(d) x− 4y2 − 16y − 13 = 0.
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Âàðiàíò 19

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 4 −6 −1

3 2 −1

−4 3 0

, B =

 0 1 −3

3 −2 5

6 0 1

 ;

(b) 4A2 − 5BC + 3E, ÿêùî A =

 2 −1 4

3 1 2

−1 3 1

, B =

 −3 2

0 1

2 3

 ,

C =

(
−2 −1 2

1 3 −1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·

(
7 −1

4 2

)
+ 3 ·X =

(
2 7

5 −2

)
;

(b)

(
0 1

−2 7

)
·X ·

(
3 1

−2 −1

)
=

(
6 6

2 1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x4 +x3−x+6 âiä ìàòðèöi A, ÿêùî

A =

(
2 4

−1 −3

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣ 6 9

2x− 3 x2 + 3

∣∣∣∣∣ < 69.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
x + 3y − 3z = 4,

7x + 3y − 3z = 10,

4x− y + 2z = 0.

(b) ìåòîäîì �àóñà



3x1 + x2 + x3 − 3x4 = −4,

x1 + 2x2 − x3 + x4 = 13,

2x1 − x2 − 2x3 + x4 = 9,

4x1 − x2 + 2x3 + 3x4 = −1.

6. Äàíî âåêòîðè −→a = (3;−2; 4),
−→
b = (−4; 1;−3), −→c = (5;−3; 3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (0;−3; 1) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (2; 4; 1),
−→
b = (1;−2; 3), −→c = (−1; 3; 2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−1;−3), B(2;−1), C(−1; 2). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(1;−4;−1), B(3; 2;−3), C(−1;−4; 2), S(−3; 1; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 2x− 15 + y2 − 6y = 0;

(b) 25x2 + 150x + 16y2 − 64y − 111 = 0;

(c) −36x2 − 216x + 64y2 − 256y − 2372 = 0;

(d) x + 18 + 16y2 − 32y = 0.
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Âàðiàíò 20

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (A+B)(B−A)+A2−B2, A =

 7 3 0

1 9 1

−2 1 3

, B =

 −5 1 0

0 −2 4

−1 7 2

 ;

(b) 3A2 + 2BC + 3E, ÿêùî A =

 1 2 3

−1 3 −2

2 −2 1

, B =

 −2 3

3 1

2 −1

 ,

C =

(
0 −1 −3

2 3 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 4 ·

(
1 3

−2 7

)
− 3 ·X =

(
1 3

10 1

)
;

(b)

(
−4 3

−2 1

)
·X ·

(
5 −3

3 −2

)
=

(
4 −5

1 3

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 3x4 + 3x3 − 3x − 4 âiä ìàòðèöi A,

ÿêùî A =

(
−3 2

1 5

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣1− x 3x

2 2x− 1

∣∣∣∣∣ < −6.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x− y + 8z = −20,

−x + 3y − 4z = 5,

3x− y + 3z = −4.

(b) ìåòîäîì �àóñà



4x1 − x2 + 2x3 + x4 = 4,

3x1 − x2 − x3 + x4 = 5,

−x1 + x2 + x3 − x4 = −4,

−3x1 + 2x2 + x3 − x4 = −2.

6. Äàíî âåêòîðè −→a = (2; 5;−1),
−→
b = (−3; 2; 4), −→c = (1; 3;−1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (0; 9; 3) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3;−1; 2),
−→
b = (1; 2; 4), −→c = (−1;−2; 3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(5; 1), B(−3;−1), C(−4; 3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(1;−5;−1), B(3; 1;−2), C(4;−3; 3), S(1; 2; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 6x− 3 + y2 − 4y = 0;

(b) 25x2 + 100x + 16y2 − 32y − 284 = 0;

(c) −9x2 − 36x + 16y2 − 32y − 164 = 0;

(d) 4x2 + 16x + 13 + y = 0.
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Âàðiàíò 21

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 −1 3 9

2 5 −3

0 3 −4

, B =

 7 −2 4

2 −3 3

0 5 −1

 ;

(b) A2 + 3BC + 2E, ÿêùî A =

 3 2 1

1 3 −1

2 −2 3

, B =

 −1 2

2 −3

−3 1

 ,

C =

(
−1 3 3

3 1 −2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·X + 5 ·

(
4 0

−1 2

)
=

(
2 −3

1 4

)
;

(b)

(
2 1

−3 4

)
·X ·

(
7 5

0 −1

)
=

(
2 −1

3 −3

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 4x4 − 3x3 + 2x2 − 1 âiä ìàòðèöi A,

ÿêùî A =

(
1 2

1 −3

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x− 2 x + 1

3 x

∣∣∣∣∣ < 3.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x + 3y − 4z = 8,

3x + y + 3z = −8,

x + y + 6z = −19.

(b) ìåòîäîì �àóñà



x1 + 2x2 + x3 + 2x4 = −1,

−x1 − 3x2 + 2x3 + x4 = 5,

4x1 + x2 + x3 − x4 = 12,

3x1 − x2 + 2x3 + x4 = 11.

6. Äàíî âåêòîðè −→a = (1; 3;−2),
−→
b = (−2;−5; 3), −→c = (1; 1;−2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−3;−4; 3) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3;−1; 2),
−→
b = (0; 2;−3), −→c = (1; 2;−6)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−3; 4), B(3; 2), C(−1;−3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(−1;−2;−5), B(2;−3;−1), C(−3; 1; 2), S(1; 3; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 4x− 11 + y2 + 2y = 0;

(b) 16x2 − 64x + 25y2 + 150y − 111 = 0;

(c) −25x2 − 50x + 144y2 − 576y − 3049 = 0;

(d) x− 15− 4y2 + 16y = 0.
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Âàðiàíò 22

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) ATB −BTA, ÿêùî A =

 −3 2 −1

3 1 −2

−1 4 3

, B =

 8 0 −2

3 1 −3

0 −2 −4

 ;

(b) 3A2 − 4BC + 3E, ÿêùî A =

 −3 2 −2

1 3 0

1 −2 1

, B =

 2 −3

−2 1

−3 1

 ,

C =

(
0 1 −2

−2 3 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·X − 2 ·

(
2 1

−1 3

)
=

(
8 1

2 −12

)
;

(b)

(
5 0

−7 1

)
·X ·

(
4 −1

−2 3

)
=

(
1 3

−2 1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x4−x2+5x+2 âiä ìàòðèöi A, ÿêùî

A =

(
3 −3

1 2

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x x + 3

5 −1

∣∣∣∣∣ < x2 − 9.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
−3x + 2y − 3z = 2,

−2x + y − 3z = 5,

5x− y + 3z = −2.

(b) ìåòîäîì �àóñà



x1 − x2 + 2x3 + x4 = 1,

x1 + 3x2 − 4x3 + 2x4 = 5,

−2x1 + x2 + x3 − 3x4 = 1,

3x1 + 4x2 − 2x3 + x4 = 0.

6. Äàíî âåêòîðè −→a = (−3; 5;−2),
−→
b = (4;−2; 3), −→c = (2; 1; 3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−8; 17;−1) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (2; 1;−3),
−→
b = (1;−2; 1), −→c = (3;−2; 4)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(4; 3), B(−2; 1), C(1; 5). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(−2;−1;−1), B(3; 2;−3), C(−1;−3; 2), S(2; 1; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè âñi ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 4x− 3 + y2 + 6y = 0;

(b) 9x2 + 54x + 25y2 − 100y − 44 = 0;

(c) −144x2 + 576x + 25y2 + 100y − 4076 = 0;

(d) x− 4y2 − 16y − 15 = 0.
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Âàðiàíò 23

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 7 −2 3

0 3 −3

−1 6 0

, B =

 0 1 −3

2 5 7

7 −2 1

 ;

(b) 4A2 − 2BC + 5E, ÿêùî A =

 −1 1 2

2 3 −1

2 2 −3

, B =

 −2 −1

2 −3

3 1

 ,

C =

(
−2 3 −2

−3 1 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 5 ·X − 3 ·

(
1 −2

4 3

)
=

(
2 1

8 −4

)
;

(b)

(
−1 3

−3 7

)
·X ·

(
2 4

−1 −3

)
=

(
6 0

−2 1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x3 + 3x2 − 5x − 4 âiä ìàòðèöi A,

ÿêùî A =

(
4 1

−1 4

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣ 7 −3

4x2 2x− 1

∣∣∣∣∣ < 11x2 − 40.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
x + 2y + 4z = 8,

2x + y − 2z = −3,

3x− y + z = −8.

(b) ìåòîäîì �àóññà



x1 + x2 − 2x3 + x4 = −6,

x1 + 2x2 − x3 − 3x4 = 12,

−x1 + 3x2 − x3 + x4 = 8,

2x1 − x2 − x3 + 4x4 = 0.

6. Äàíî âåêòîðè −→a = (4; 3; 1),
−→
b = (−1; 5;−2), −→c = (2;−1;−3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (13;−15;−2)

çà âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (4; 1;−3),
−→
b = (3;−2; 4), −→c = (−1; 2; 3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(5; 3), B(−2; 4), C(1;−3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(5; 2;−1), B(1;−2;−3), C(−2;−1; 1), S(3; 1; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 − 6x− 3 + y2 − 4y = 0;

(b) 100x2 + 400x + 64y2 − 128y − 5936 = 0;

(c) 144x2 − 864x− 25y2 − 100y − 2404 = 0;

(d) 12x2 − 48x + 49− y = 0.
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Âàðiàíò 24

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (A+B)(B−A)+A2−B2,A =

 −6 −2 0

0 2 5

−1 3 7

, B =

 4 −2 1

1 3 −4

3 −2 0

 ;

(b) 3A2 + 2BC − 4E, ÿêùî A =

 0 2 −3

−1 3 2

1 2 −1

, B =

 2 3

−2 1

−1 2

 ,

C =

(
−3 −1 3

3 3 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a)

(
11 4

−2 7

)
+ 4 ·X =

(
3 −12

10 3

)
;

(b)

(
6 6

2 1

)
·X ·

(
−4 3

1 0

)
=

(
8 −2

1 −1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x4−x3 +x2−3 âiä ìàòðèöi A, ÿêùî

A =

(
5 −2

−2 1

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣5x + 1 3x

2− x x

∣∣∣∣∣ > 9x2.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
2x− 7y + 3z = −7,

3x + 5y + 6z = 2,

x− 3y + 2z = −4.

(b) ìåòîäîì �àóñà



−3x1 + x2 + x3 + 2x4 = −12,

3x1 + 2x2 + x3 + 4x4 = −3,

2x1 + x2 − 2x3 + x4 = 9,

x1 − 5x2 + x3 − 3x4 = 0.

6. Äàíî âåêòîðè −→a = (1; 2; 3),
−→
b = (−2; 1;−4), −→c = (5;−3; 2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (9;−11;−8) çà

âåêòîðàìè −→a ,
−→
b ,−→c .

51



7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3; 2;−3),
−→
b = (−1; 1; 2), −→c = (2; 4; 1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(5; 1), B(−2;−1), C(1; 3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(4;−2;−1), B(3; 3; 2), C(1; 4;−3), S(2;−1; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 4x + 4 + y2 − 2y = 0;

(b) 16x2 + 96x + 25y2 − 100y − 156 = 0;

(c) −25x2 − 50x + 144y2 + 864y − 2329 = 0;

(d) 12x2 + 48x + y + 44 = 0.
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Âàðiàíò 25

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 7 0 2

1 2 −3

4 1 −1

, B =

 −2 3 −5

0 3 −7

−1 −2 0

 ;

(b) 2A2 − 4BC + 3E, ÿêùî A =

 −2 1 3

1 2 4

−2 1 −1

, B =

 1 −2

−2 3

4 −1

 ,

C =

(
2 4 1

−1 3 −2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 2 ·

(
−2 1

7 9

)
+ 3 ·X =

(
2 −4

−7 3

)
;

(b)

(
−1 4

2 −9

)
·X ·

(
4 1

3 −1

)
=

(
2 −2

−3 1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = −2x3 + 3x2− 3x + 7 âiä ìàòðèöi A,

ÿêùî A =

(
−3 1

−4 2

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x + 1 4

2 + x 1− 3x

∣∣∣∣∣ > −16− 6x2.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
−x− y + 5z = −14,

4x + 2y + 2z = 10,

5x− 3y + z = 10.

(b) ìåòîäîì �àóñà



−2x1 + x2 + x3 + x4 = 1,

−x1 + x2 + 2x3 + 3x4 = −2,

3x1 − 2x2 − x3 + 2x4 = −3,

3x1 + x2 + 2x3 + x4 = 2.

6. Äàíî âåêòîðè −→a = (1; 3;−2),
−→
b = (−2;−5; 3), −→c = (1; 1;−2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−3;−4; 3) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (2; 2;−1),
−→
b = (1; 3;−3), −→c = (3; 1;−2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−4; 3), B(2;−2), C(−2;−4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(4;−2; 3), B(−2; 2;−3), C(1;−4; 2), S(2; 3; 6).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 8x + 8 + y2 − 2y = 0;

(b) 9x2 − 18x + 25y2 + 100y − 116 = 0;

(c) 144x2 + 288x− 25y2 − 100y − 3556 = 0;

(d) 16x2 − 32x− y + 13 = 0.
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Âàðiàíò 26

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) ATB −BTA, ÿêùî A =

 4 0 −2

1 2 −3

−1 7 0

, B =

 −3 2 7

0 1 −2

−1 3 −1

 ;

(b) 3A2 − 5BC − 3E, ÿêùî A =

 −2 1 4

−1 2 3

3 −2 1

, B =

 −1 4

2 −3

−3 1

 ,

C =

(
−2 1 3

2 3 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 4 ·X − 3 ·

(
1 6

2 −4

)
=

(
9 2

−2 0

)
;

(b)

(
−7 1

−1 0

)
·X ·

(
3 4

−2 −1

)
=

(
1 −3

2 3

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = −x4 − x3 + 3x + 4 âiä ìàòðèöi A,

ÿêùî A =

(
4 −1

−1 2

)
.

4. Ðîçâ'ÿçàòè ðiâíÿííÿ:

∣∣∣∣∣ 3x 2 + x

x− 4 −x

∣∣∣∣∣ = −2x.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
−2x + 7y − 2z = 5,

2x + 5z = −4,

−x + 4y − 3z = 7.

(b) ìåòîäîì �àóñà



3x1 − x2 − 2x3 + x4 = 6,

2x1 + x2 + x3 − x4 = 7,

−x1 + 5x2 + x3 + x4 = −5,

2x1 − x2 + x3 − 3x4 = 15.

6. Äàíî âåêòîðè −→a = (−1; 5; 2),
−→
b = (−3; 4;−1), −→c = (2; 3;−1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−2; 8; 8) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (3; 2;−2),
−→
b = (1; 3;−1), −→c = (2; 1; 3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

8. Äàíî êîîðäèíàòè òî÷îê A(1; 3;−2), B(3; 2;−1), C(−2; 1; 3), S(4;−1; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

9. Äàíî òî÷êè A(3; 2), B(−2; 1), C(1;−4).

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 2x + 8 + y2 − 8y = 0;

(b) 25x2 + 150x + 16y2 − 64y − 111 = 0;

(c) 9x2 + 36x− 16y2 + 32y − 124 = 0;

(d) −4x2 − 8x− 1 + y = 0.
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Âàðiàíò 27

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 0 −2 8

2 3 −1

5 0 1

, B =

 2 −6 1

1 7 4

−1 −2 0

 ;

(b) −2A2 + 4BC + 5E, ÿêùî A =

 −1 0 2

−2 1 3

3 −2 1

, B =

 4 −1

−3 2

2 3

 ,

C =

(
−3 2 0

1 3 2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·

(
−2 1

3 7

)
+ 2 ·X =

(
−4 5

1 9

)
;

(b)

(
−2 2

−3 4

)
·X ·

(
−3 0

1 3

)
=

(
1 −5

0 2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = x3 + 3x2 − 3x + 1 âiä ìàòðèöi A,

ÿêùî A =

(
−3 −1

1 −2

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣3x + 1 x− 2

5− x 2

∣∣∣∣∣ > 24.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
3x− 2y + 3z = 1,

x + y − z = 6,

2x− 4y − z = 4.

(b) ìåòîäîì �àóñà



3x1 + 2x2 + x3 + x4 = 3,

−2x1 + x2 + x3 + x4 = −4,

x1 − x2 − 2x3 + 3x4 = −6,

−x1 + x2 + 2x3 + 5x4 = −2.

6. Äàíî âåêòîðè −→a = (−3; 1;−2),
−→
b = (4;−2; 1), −→c = (1; 4; 3). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (19;−4; 10) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ−→a = (5;−1; 2),
−→
b = (3; 1; 4), −→c = (2; 3; 1) çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−2;−2), B(3;−4), C(−1; 3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(−2;−3;−1), B(3; 1;−3), C(−2; 1; 2), S(−3; 2; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 2x + 6 + y2 + 6y = 0;

(b) 25x2 − 200x + 9y2 − 36y + 211 = 0;

(c) −64x2 − 384x + 36y2 − 72y − 2844 = 0;

(d) x− 4y2 − 16y − 19 = 0.
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Âàðiàíò 28

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (A+B)(B−A)+A2−B2, A =

 5 1 1

−2 1 2

−1 3 0

, B =

 0 −2 5

1 −1 3

−2 3 0

 ;

(b) −3A2 + 4BC + 2E, ÿêùî A =

 1 1 −2

−1 2 1

3 2 3

, B =

 −3 2

−2 1

1 −1

 ,

C =

(
−2 −1 3

−1 5 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 7 ·X − 2 ·

(
4 3

0 −8

)
=

(
6 1

−7 2

)
;

(b)

(
5 −2

2 0

)
·X ·

(
4 1

−3 −1

)
=

(
3 2

−3 1

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x4−x2+x+5 âiä ìàòðèöi A, ÿêùî

A =

(
1 −2

−1 5

)
.

4. Ðîçâ'ÿçàòè ðiâíÿííÿ:

∣∣∣∣∣4x− 1 x + 1

3 x

∣∣∣∣∣ = 5.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
−x + 2y + 2z = 10,

3x + y + 4z = −6,

3x + 8y − 4z = 0.

(b) ìåòîäîì �àóñà



2x1 + 5x2 + x3 − x4 = 2,

x1 − 3x2 − 2x3 + 3x4 = 12,

−x1 + x2 + x3 + x4 = 0,

−2x1 + 3x2 − 5x3 + 9x4 = 6.

6. Äàíî âåêòîðè −→a = (−4; 2; 3),
−→
b = (2;−3; 4), −→c = (3; 1;−2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−4; 13;−13)

çà âåêòîðàìè −→a ,
−→
b ,−→c .

59



7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (−2; 3; 2),
−→
b = (1;−2; 3), −→c = (3; 1;−1)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(3;−1), B(−1;−3), C(−4; 3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(2;−1;−2), B(1; 3;−1), C(−2; 1; 2), S(3;−2; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 2x− 4 + y2 − 4y = 0;

(b) 25x2 + 150x + 9y2 − 36y + 36 = 0;

(c) 64x2 + 384x− 36y2 + 72y − 1764 = 0;

(d) x− 13− 4y2 + 16y = 0.
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Âàðiàíò 29

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) AB −BA, ÿêùî A =

 −1 2 5

0 −1 2

−1 0 3

, B =

 0 3 −2

7 1 −4

−1 0 −2

 ;

(b) 4A2 − 5BC + 2E, ÿêùî A =

 −1 1 2

2 3 −2

1 2 −3

, B =

 1 4

−2 −3

3 1

 ,

C =

(
−1 1 −3

1 −2 2

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 3 ·

(
−1 5

4 2

)
+ 5 ·X =

(
12 −5

−3 1

)
;

(b)

(
−5 −2

2 3

)
·X ·

(
2 1

−2 1

)
=

(
1 −2

−3 4

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = −x3 + 3x2 − 3x + 9 âiä ìàòðèöi A,

ÿêùî A =

(
2 −3

5 −3

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x + 5 3x

−2 x− 1

∣∣∣∣∣ < x− 5.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
x + 6y + 2z = −13,

−2x + 3y + 5z = 5,

4x− 3y + 7z = 1.

(b) ìåòîäîì �àóñà



−x1 − x2 + 2x3 − 3x4 = −1,

2x1 − 3x2 + x3 − 2x4 = 6,

3x1 + x2 − x3 + x4 = 4,

x1 + 2x2 + x3 + 3x4 = 9.

6. Äàíî âåêòîðè −→a = (5; 2;−2),
−→
b = (2;−1; 1), −→c = (−4; 3; 2). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−24; 6; 9) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (5; 2;−3),
−→
b = (2;−3; 1), −→c = (1;−2;−3)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(−3; 4), B(−1;−2), C(4; 2). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(5;−1; 3), B(2; 3;−1), C(−2;−4; 3), S(−4; 1; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 4x + y2 + 6y − 12 = 0;

(b) 16x2 − 64x + 25y2 + 150y − 111 = 0;

(c) 64x2 + 256x− 36y2 + 72y − 2084 = 0;

(d) −4x2 + 8x− 2 + y = 0.
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Âàðiàíò 30

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) (AB)T −BTAT , ÿêùî A =

 5 0 −2

1 −1 2

3 5 0

, B =

 −4 1 3

0 7 1

−2 5 −1

 ;

(b) −3A2 + 4BC + 2E, ÿêùî A =

 −3 −2 1

2 1 3

−2 1 1

, B =

 1 −1

2 −3

−3 1

 ,

C =

(
2 −3 1

−1 1 3

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a) 5 ·X − 2 ·

(
11 −2

7 4

)
=

(
3 −1

6 2

)
;

(b)

(
7 8

0 −1

)
·X ·

(
−4 −2

−2 1

)
=

(
1 4

1 3

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 5x4 − x3 + 3x − 4 âiä ìàòðèöi A,

ÿêùî A =

(
3 −1

1 2

)
.

4. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x + 3 3

1− x 2x− 1

∣∣∣∣∣ > 4.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóñà, ìàòðè÷íèì ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà
3x + 7y + 3z = 2,

2x + y − z = −3,

−2x− 3y + 4z = −4.

(b) ìåòîäîì �àóñà



2x1 + x2 + x3 − x4 = −6,

3x1 + 3x2 − x3 + x4 = 9,

−3x1 + x2 + x3 + 3x4 = 3,

2x1 + 4x2 + x3 + 8x4 = 9.

6. Äàíî âåêòîðè −→a = (1; 5;−2),
−→
b = (1; 2; 3), −→c = (3;−4; 1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (2;−12; 8) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (4;−3; 1),
−→
b = (5; 2;−1), −→c = (−3; 4; 2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(1; 2), B(0;−3), C(−1; 4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(3;−3; 2), B(1; 2;−3), C(−1; 2;−2), S(−1;−2; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 6x + 6 + y2 − 2y = 0;

(b) 9x2 + 54x + 25y2 − 100y − 44 = 0;

(c) 64x2 + 128x− 36y2 + 72y − 2276 = 0;

(d) −4x2 − 8x− 6− y = 0.

64



Âàðiàíò 31

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) 2AB −BA, ÿêùî A =

 1 −1 3

−2 0 1

2 1 1

, B =

 1 2 1

0 1 3

1 3 1

 ;

(b) 2A2 + 3BC − 4E, ÿêùî A =

 2 1 −2

3 1 −1

−2 2 1

, B =

 3 2

2 −1

−2 3

 ,

C =

(
−1 3 −2

−1 0 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a)

(
12 3

−1 −2

)
+ 2 ·X =

(
−2 1

5 4

)
;

(b)

(
1 2

3 −1

)
·X ·

(
1 −3

−2 1

)
=

(
7 5

1 2

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x4 + x2 − 3x + 1 âiä ìàòðèöi A,

ÿêùî A =

(
1 −2

2 3

)
.

4. Ðîçâ'ÿçàòè ðiâíÿííÿ:

∣∣∣∣∣3x− 1 −1

x + 1 −x

∣∣∣∣∣ = 0.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóññà, ìàòðè÷íèì ìåòîäîì òà çà ôîðìóëàìè Êðàìåðà
x + 2y − z = −3,

2x− 3y + 2z = −1,

3x + 5y + z = 2.

(b) ìåòîäîì �àóññà òà çà ôîðìóëàìè Êðàìåðà



2x1 − 3x2 − x3 − x4 = 14,

x1 + x2 − 3x3 − 2x4 = −9,

3x1 + 2x2 + x3 + 3x4 = −2,

x1 + 2x2 + 3x3 − x4 = 4.

6. Äàíî âåêòîðè −→a = (1; 3; 2),
−→
b = (−2; 1; 3), −→c = (4;−2;−1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (20;−3;−8) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (5; 3; 2),
−→
b = (2;−3; 1), −→c = (−2; 1; 4)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(1;−3), B(3; 1), C(−2; 3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îê A(4; 1;−2), B(3;−3; 3), C(−1; 1;−3), S(1; 2; 5).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + y2 − 8y − 9 = 0;

(b) 36x2 + 216x + 100y2 − 400y − 2876 = 0;

(c) −64x2 − 256x + 36y2 − 72y − 2524 = 0;

(d) 8x2 − 16x + 5− y = 0.
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Âàðiàíò 32

1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó:

(a) ATB −BTA, ÿêùî A =

 −1 1 2

2 0 1

1 1 3

, B =

 1 2 −1

2 1 3

1 3 −2

 ;

(b) −A2 + 2BC + 4E, ÿêùî A =

 0 1 2

1 3 0

2 −2 1

, B =

 2 3

−1 4

2 −1

 ,

C =

(
−1 1 −2

−3 2 1

)
.

2. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ:

(a)

(
2 −1

4 −1

)
+ 3 ·X = 2

(
−2 1

5 7

)
;

(b)

(
3 2

−1 4

)
·X ·

(
2 −1

2 4

)
=

(
7 5

10 12

)
.

3. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x4+x3+x+4 âiä ìàòðèöi A, ÿêùî

A =

(
3 −1

2 3

)
.

4. Ðîçâ'ÿçàòè ðiâíÿííÿ àáî íåðiâíiñòü:

∣∣∣∣∣2x + 3 −x

3− x x

∣∣∣∣∣ = 0.

5. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü:

(a) ìåòîäîì �àóññà, ìàòðè÷íèì ìåòîäîì òà çà ôîðìóëàìè Êðàìåðà
2x− 3y + 5z = −13,

3x− 2y + 4z = −11,

x + 4y − z = 8.

(b) ìåòîäîì �àóññà òà çà ôîðìóëàìè Êðàìåðà



2x1 + x2 − x4 = 6,

x1 − 2x2 + x3 + 4x4 = 4,

3x1 + 2x2 − 2x3 + x4 = −1,

−x1 + x2 − 3x3 − 2x4 = 3.

6. Äàíî âåêòîðè −→a = (2; 1;−1),
−→
b = (−3; 5; 2), −→c = (2; 3; 1). Äîâåñòè,

ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (−1; 2;−3) çà

âåêòîðàìè −→a ,
−→
b ,−→c .
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7. Äëÿ çàäàíèõ âåêòîðiâ −→a = (5;−2; 1),
−→
b = (−2; 3; 2), −→c = (−3; 1;−2)

çíàéòè:

(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

8. Äàíî òî÷êè A(4; 3), B(−2; 1), C(2;−3). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

9. Äàíî êîîðäèíàòè òî÷îêA(4;−2;−1), B(5; 1;−2), C(−3; 2;−1), S(1;−3; 4).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

10. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó. Çíàéòè êàíîíi÷íå òà çàãàëüíå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

(a) x2 + 4x + y2 + 2y − 4 = 0;

(b) 25x2 + 100x + 16y2 − 32y − 284 = 0;

(c) −16x2 − 64x + 9y2 − 18y − 199 = 0;

(d) 8x2 − 16x + 5− y = 0.
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2. Ïðèêëàäè ðîçâ'ÿçóâàííÿ çàäà÷

Çàäà÷à 1. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó AB −BA, ÿêùî

A =

 3 1 1

2 −1 1

1 1 2

, B =

 1 2 −3

2 1 1

1 3 2

 .

Ðîçâ'ÿçóâàííÿ. A ·B =

 3 1 1

2 −1 1

1 1 2

 ·
 1 2 −3

2 1 1

1 3 2

 =

 6 10 −6

1 6 −5

5 9 2

 .

B · A =

 1 2 −3

2 1 1

1 3 2

 ·
 3 1 1

2 −1 1

1 1 2

 =

 4 −4 −3

9 2 5

11 0 8

 .

AB − BA =

 6 10 −6

1 6 −5

5 9 2

 −

 4 −4 −3

9 2 5

11 0 8

 =

 2 14 −3

−8 4 −10

−6 9 −6

.

Çàóâàæèìî, ùî ìè îòðèìàëè AB −BA 6= 0, òîáòî AB 6= BA.

Âiäïîâiäü: AB −BA =

 2 14 −3

−8 4 −10

−6 9 −6

. �

Çàäà÷à 2. Ç'ÿñóâàòè, ÷è ìà¹ ìiñöå ðiâíiñòü (A + B)2 = A2 + 2AB + B2,

ÿêùî A =

(
1 5

−2 4

)
, B =

(
3 0

2 −1

)
. Âiäïîâiäü îá ðóíòóâàòè.

Ðîçâ'ÿçóâàííÿ. A + B =

(
1 5

−2 4

)
+

(
3 0

2 −1

)
=

(
4 5

0 3

)
, òîìó ëiâà

÷àñòèíà ðiâíîñòi äîðiâíþ¹: (A + B)2 =

(
4 5

0 3

)
·

(
4 5

0 3

)
=

(
16 35

0 9

)
.

Ç iíøîãî áîêó, A2 =

(
1 5

−2 4

)
·

(
1 5

−2 4

)
=

(
−9 25

−10 6

)
.

2 · A ·B = 2 ·

(
1 5

−2 4

)
·

(
3 0

2 −1

)
= 2 ·

(
13 −5

2 −4

)
=

(
26 −10

4 −8

)
.

B2 =

(
3 0

2 −1

)
·

(
3 0

2 −1

)
=

(
9 0

4 1

)
.

Òîìó ïðàâà ÷àñòèíà ðiâíîñòi äîðiâíþ¹:
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A2 + 2AB + B2 =

(
−9 25

−10 6

)
+

(
26 −10

4 −8

)
+

(
9 0

4 1

)
=

(
26 15

−2 −1

)
.

Îòæå, ïîðiâíþþ÷è ëiâó òà ïðàâó ÷àñòèíó, îòðèìà¹ìî:

(A + B)2 6= A2 + 2AB + B2.

Ðiâíiñòü íå âèêîíó¹òüñÿ, îñêiëüêè AB 6= BA.

Âiäïîâiäü: Ðiâíiñòü íå âèêîíó¹òüñÿ. �

Çàäà÷à 3. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó ATB −BTA, ÿêùî

A =

 0 1 2

2 −1 1

1 2 0

, B =

 2 1 −2

3 0 1

1 −2 3

 .

Ðîçâ'ÿçóâàííÿ. AT ·B =

 0 2 1

1 −1 2

2 1 0

 ·
 2 1 −2

3 0 1

1 −2 3

 =

 7 −2 5

1 −3 3

7 2 −3

 .

BT · A =

 2 3 1

1 0 −2

−2 1 3

 ·
 0 1 2

2 −1 1

1 2 0

 =

 7 1 7

−2 −3 2

5 3 −3

 .

ATB −BTA =

 7 −2 5

1 −3 3

7 2 −3

−
 7 1 7

−2 −3 2

5 3 −3

 =

 0 −3 −2

3 0 1

2 −1 0

.

Âiäïîâiäü: ATB −BTA =

 0 −3 −2

3 0 1

2 −1 0

. �

Çàäà÷à 4. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó (A + B) (B − A)+A2−B2,

ÿêùî

A =

 2 −1 1

0 −3 2

−1 1 0

, B =

 2 2 −1

1 3 0

−1 1 −2

 .

Ðîçâ'ÿçóâàííÿ. A+B =

 2 −1 1

0 −3 2

−1 1 0

 ·
 2 2 −1

1 3 0

−1 1 −2

 =

 4 1 0

1 0 2

−2 2 −2

 .

B − A =

 2 2 −1

1 3 0

−1 1 −2

 ·
 2 −1 1

0 −3 2

−1 1 0

 =

 0 3 −2

1 6 −2

0 0 −2

 .
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(A + B) (B − A) =

 4 1 0

1 0 2

−2 2 −2

 ·
 0 3 −2

1 6 −2

0 0 −2

 =

 1 18 −10

0 3 −6

2 6 4

 .

A2 =

 2 −1 1

0 −3 2

−1 1 0

 ·
 2 −1 1

0 −3 2

−1 1 0

 =

 3 2 0

−2 11 −6

−2 −2 1

 .

B2 =

 2 2 −1

1 3 0

−1 1 −2

 ·
 2 2 −1

1 3 0

−1 1 −2

 =

 7 9 0

5 11 −1

1 −1 5

 .

(A + B) (B − A) + A2 −B2 =

=

 1 18 −10

0 3 −6

2 6 4

+

 3 2 0

−2 11 −6

−2 −2 1

−
 7 9 0

5 11 −1

1 −1 5

 =

 −3 11 −10

−7 3 −11

−1 5 0

.

Âiäïîâiäü: (A + B) (B − A) + A2 −B2 =

 −3 11 −10

−7 3 −11

−1 5 0

. �

Çàäà÷à 5. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó (AB)T − ATBT , ÿêùî

A =

 1 −1 −1

3 −2 1

1 0 2

, B =

 2 1 −1

4 0 3

−1 1 2

 .

Ðîçâ'ÿçóâàííÿ. A ·B =

 1 −1 −1

3 −2 1

1 0 2

 ·
 2 1 −1

4 0 3

−1 1 2

 =

 −3 2 −2

−3 4 −7

0 3 3

 .

(AB)T =

 −3 −3 0

2 4 3

−2 −7 3

 .

AT ·BT =

 1 3 1

−1 −2 0

1 1 2

 ·
 2 4 −1

1 0 1

−1 3 2

 =

 4 7 4

−4 −4 −1

1 10 4

 .

(AB)T−ATBT =

 −3 −3 0

2 4 3

−2 −7 3

−
 4 7 4

−4 −4 −1

1 10 4

 =

 −7 −10 −4

6 8 4

−3 −17 −1

.

Çàóâàæèìî, ùî ìè îòðèìàëè (AB)T − ATBT 6= 0, òîáòî (AB)T 6= ATBT .
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Âiäïîâiäü: (AB)T − ATBT =

 −7 −10 −4

6 8 4

−3 −17 −1

. �

Çàäà÷à 6. Çíàéòè çíà÷åííÿ ìàòðè÷íîãî âèðàçó −2A2 + 3BC + 4E, ÿêùî

A =

 0 1 2

3 −2 1

2 −2 1

, B =

 2 1

−1 −3

2 1

 , C =

(
3 1 −2

1 2 4

)
.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî ñêëàäîâi âèðàçó:

A2 =

 0 1 2

3 −2 1

2 −2 1

 ·
 0 1 2

3 −2 1

2 −2 1

 =

 7 −6 3

−4 5 5

−4 4 3

 ,

−2A2 = −2

 7 −6 3

−4 5 5

−4 4 3

 =

 −14 12 −6

8 −10 −10

8 −8 −6

 .

B · C =

 2 1

−1 −3

2 1

 ·( 3 1 −2

1 2 4

)
=

 7 4 0

−6 −7 −10

7 4 0

 ,

3 ·BC = 3

 7 4 0

−6 −7 −10

7 4 0

 =

 21 12 0

−18 −21 −30

21 12 0

 .

4E = 4

 1 0 0

0 1 0

0 0 1

 =

 4 0 0

0 4 0

0 0 4

 .

−2A2 + 3BC + 4E =

 −14 12 −6

8 −10 −10

8 −8 −6

+

 21 12 0

−18 −21 −30

21 12 0

+

+

 4 0 0

0 4 0

0 0 4

 =

 11 24 −6

−10 −27 −40

29 4 −2

 .

Âiäïîâiäü: −2A2 + 3BC + 4E =

 11 24 −6

−10 −27 −40

29 4 −2

 . �

Çàäà÷à 7. Ðîçâ'ÿçàòè ðiâíÿííÿ:
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3 ·

(
−1 2 0

3 4 5

)
+ X =

(
1 2 −3

−7 8 9

)
.

Ðîçâ'ÿçóâàííÿ. Îñêiëüêè 3 ·

(
−1 2 0

3 4 5

)
=

(
−3 6 0

9 12 15

)
, òî

X =

(
1 2 −3

−7 8 9

)
−

(
−3 6 0

9 12 15

)
=

=

(
1 2 −3

−7 8 9

)
+

(
3 −6 0

−9 −12 −15

)
=

(
4 −4 −3

−16 −4 −6

)
.

Âiäïîâiäü: X =

(
4 −4 −3

−16 −4 −6

)
. �

Çàäà÷à 8. Ðîçâ'ÿçàòè ðiâíÿííÿ:

2 ·

(
−1 −5

2 4

)T

− 3XT =

(
1 5 −6

2 −2 3

)
·

(
−2 3 −5

2 4 −6

)T

,

äå ÷åðåç T ïîçíà÷åíà îïåðàöiÿ òðàíñïîíóâàííÿ ìàòðèöi.

Ðîçâ'ÿçóâàííÿ. Ìà¹ìî, 2 ·

(
−1 −5

2 4

)T

= 2 ·

(
−1 2

−5 4

)
=

(
−2 4

−10 8

)
,

(
−2 3 −5

2 4 −6

)T

=

 −2 2

3 4

−5 −6

 .

Êðiì òîãî,

(
1 5 −6

2 −2 3

)
·

 −2 2

3 4

−5 −6

 =

=

(
1 · (−2) + 5 · 3 + (−6) · (−5) 1 · 2 + 5 · 4 + (−6 · (−6))

2 · (−2) + (−2) · 3 + 3 · (−5) 2 · 2 + (−2) · 4 + 3 · (−6)

)
=

(
43 58

−25 −22

)
.

Îòæå, 3XT =

(
−2 4

−10 8

)
−

(
43 58

−25 −22

)
=

(
−45 −54

15 30

)
,

XT =
1

3

(
−45 −54

15 30

)
=

(
−15 −18

5 10

)
.

Òîäi X =

(
−15 5

−18 10

)
.
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Âiäïîâiäü: X =

(
−15 5

−18 10

)
. �

Çàäà÷à 9. Ðîçâ'ÿçàòè ìàòðè÷íå ðiâíÿííÿ(
2 3

−2 −1

)
+ 3 ·X = 2

(
−1 2

2 4

)
;

Ðîçâ'ÿçóâàííÿ. Îñêiëüêè

(
2 3

−2 −1

)
+ 3 ·X = 2

(
−1 2

2 4

)
, òî

3X = 2

(
−1 2

2 4

)
−

(
2 3

−2 −1

)
=

(
−2 4

4 8

)
−

(
2 3

−2 −1

)
,

3X =

(
−4 1

6 9

)
⇒ X = 1

3

(
−4 1

6 9

)
.

Âiäïîâiäü: X = 1
3

(
−4 1

6 9

)
. �

Çàäà÷à 10. Îá÷èñëèòè âèçíà÷íèê

∣∣∣∣∣ 4 2

−1 3

∣∣∣∣∣.
Ðîçâ'ÿçóâàííÿ.

∣∣∣∣∣ 4 2

−1 3

∣∣∣∣∣ = 4 · 3− 2 · (−1) = 14.

Âiäïîâiäü: 14. �

Çàäà÷à 11. Îá÷èñëèòè âèçíà÷íèê

∣∣∣∣∣∣∣
3 0 2

1 4 7

3 −1 0

∣∣∣∣∣∣∣ .
Ðîçâ'ÿçóâàííÿ. Äëÿ çíàõîäæåííÿ âèçíà÷íèêà âèêîðèñòà¹ìî ïðàâèëî "òðèêóòíèêà".∣∣∣∣∣∣∣

3 0 2

1 4 7

3 −1 0

∣∣∣∣∣∣∣ = 3 ·4 ·0+3 ·0 ·7+2 ·1 ·(−1)−2 ·4 ·3−0 ·0 ·1−3 ·7 ·(−1) = −5.

Âiäïîâiäü: −5. �

Çàäà÷à 12. Îá÷èñëèòè âèçíà÷íèê

∣∣∣∣∣∣∣
2 0 0

1 3 0

0 2 −1

∣∣∣∣∣∣∣ .
Ðîçâ'ÿçóâàííÿ. Âèçíà÷íèê òðèêóòíî¨ ìàòðèöi äîðiâíþ¹ äîáóòêó äiàãîíàëüíèõ

åëåìåíòiâ, òîìó

∣∣∣∣∣∣∣
2 0 0

1 3 0

0 2 −1

∣∣∣∣∣∣∣ = 2 · 3 · (−1) = −6.
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Âiäïîâiäü: −6. �

Çàäà÷à 13. Îá÷èñëèòè âèçíà÷íèê

∣∣∣∣∣∣∣∣∣∣
2 −1 4 1

−1 3 −2 2

0 5 0 3

3 4 6 4

∣∣∣∣∣∣∣∣∣∣
.

Ðîçâ'ÿçóâàííÿ. Âèçíà÷íèê äîðiâíþ¹ íóëþ, áî ïåðøèé i òðåòié ñòîâï÷èêè ïðîïîðöiéíi.

Âiäïîâiäü: 0. �

Çàäà÷à 14. Îá÷èñëèòè âèçíà÷íèê

∣∣∣∣∣∣∣∣∣∣
1 2 3 4

2 3 0 0

3 2 0 1

4 1 0 3

∣∣∣∣∣∣∣∣∣∣
.

Ðîçâ'ÿçóâàííÿ. Âèêîðèñòà¹ìî òåîðåìó ïðî ðîçêëàä âèçíà÷íèêà çà åëåìåíòàìè

ñòîâïöÿ. Ðîçêðèâàþ÷è âèçíà÷íèê çà òðåòiì ñòîâï÷èêîì, îäåðæèìî:∣∣∣∣∣∣∣∣∣∣
1 2 3 4

2 3 0 0

3 2 0 1

4 1 0 3

∣∣∣∣∣∣∣∣∣∣
= (−1)1+3 · 3 ·

∣∣∣∣∣∣∣
2 3 0

3 2 1

4 1 3

∣∣∣∣∣∣∣ .
Äîäàþ÷è â îñòàííüîìó âèçíà÷íèêó äî òðåòüîãî ðÿäêà äðóãèé, ïîìíîæåíèé

íà �3, à ïîòiì ðîçêðèâàþ÷è éîãî çà òðåòiì ñòîâï÷èêîì, îäåðæèìî:∣∣∣∣∣∣∣
2 3 0

3 2 1

−5 −5 0

∣∣∣∣∣∣∣ = (−1)2+3 · 1 ·

∣∣∣∣∣ 2 3

−5 −5

∣∣∣∣∣ = −5.

Îòæå, ïî÷àòêîâèé âèçíà÷íèê äîðiâíþ¹ (−1)1+3 · 3 · (−5) = −15.

Âiäïîâiäü: −15. �

Çàäà÷à 15. Îá÷èñëèòè âèçíà÷íèê

∣∣∣∣∣∣∣∣∣∣
2019 2020 2021 2022

2023 2018 2024 2026

1 1 1 1

2030 2033 2038 2037

∣∣∣∣∣∣∣∣∣∣
.

Ðîçâ'ÿçóâàííÿ. Âiäíiìàþ÷è âiä 1�ãî, 2�ãî i 4�ãî ðÿäêiâ âiäïîâiäíi êðàòíi 3�ãî

ðÿäêà, à ïîòiì ðîçêðèâàþ÷è éîãî çà 1�ì ñòîâï÷èêîì, îäåðæèìî:∣∣∣∣∣∣∣∣∣∣
2019 2020 2021 2022

2023 2018 2024 2026

1 1 1 1

2030 2033 2038 2037

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
0 1 2 3

0 −5 1 3

1 1 1 1

0 3 8 7

∣∣∣∣∣∣∣∣∣∣
=(−1)3+1 · 1 ·

∣∣∣∣∣∣∣
1 2 3

−5 1 3

3 8 7

∣∣∣∣∣∣∣ = =
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∣∣∣∣∣∣∣
1 2 3

−5 1 3

3 8 7

∣∣∣∣∣∣∣.
Äàëi âiäíiìåìî âiä 2�ãî i 3�ãî ñòîâï÷èêiâ âiäïîâiäíi êðàòíi 1�ãî ñòîâï÷èêà i

ðîçêðè¹ìî çà 1�ì ðÿäêîì:∣∣∣∣∣∣∣
1 2 3

−5 1 3

3 8 7

∣∣∣∣∣∣∣ = 1 ·

∣∣∣∣∣∣∣
1 0 0

−5 11 18

3 2 2

∣∣∣∣∣∣∣ = (−1)1+1 · 1 ·

∣∣∣∣∣ 11 18

2 2

∣∣∣∣∣ = −14.

Âiäïîâiäü: −14. �

Çàäà÷à 16. Çíàéòè îáåðíåíó ìàòðèöþ äëÿ ìàòðèöi A =

(
1 3

2 8

)
.

Ðîçâ'ÿçóâàííÿ. Çà ôîðìóëîþ äëÿ îáåðíåíî¨ ìàòðèöiA−1 =
1

det A


A11 A21 · · · An1

A12 A22 · · · An2

· · · · · · · · · · · ·
A1n A2n · · · Ann

,

äåAij � àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ ìàòðèöi. Çíàéäåìî âèçíà÷íèê ìàòðèöi

òà àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ: detA = 1 · 8− 2 · 3.

A11 = (−1)1+1 · 8 = 8, A21 = (−1)2+1 · 3 = −3,

A12 = (−1)1+2 · 2 = −2, A22 = (−1)2+2 · 1 = 1.

Òîäi A−1 = 1
2

(
8 −3

−2 1

)
=

(
4 −3

2

−1 1
2

)
.

Â çàãàëüíîìó âèïàäêó, äëÿ A =

(
a c

b d

)
îáåðíåíó ìàòðèöþ çíàõîäèìî

çà ôîðìóëîþ: A−1 =
1

det A

(
d −b

−c a

)
, òîáòî åëåìåíòè ãîëîâíî¨ äiàãîíàëi

ìiíÿþòüñÿ ìiñöÿìè, à åëåìåíòè äðóãî¨ äiàãîíàëi áåðóòüñÿ ç ïðîòèëåæíèì

çíàêîì. Ïðè öüîìó, ÿê i â îñíîâíié ôîðìóëi, òðåáà ïîìíîæèòè çíàéäåíó

ìàòðèöþ íà
1

det A
.

Ïåðåâiðêà: A · A−1 =

(
1 3

2 8

)
·

(
4 −3

2

−1 1
2

)
=

(
1 0

0 1

)
.

Âiäïîâiäü:A−1 =
1

2

(
8 −3

−2 1

)
=

(
4 −3

2

−1 1
2

)
. �
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Çàäà÷à 17. Çíàéòè îáåðíåíó ìàòðèöþ äëÿ ìàòðèöi A =

 1 −1 0

2 4 −1

0 1 2

.

Ðîçâ'ÿçóâàííÿ. Âèêîðèñòà¹ìî ôîðìóëó :A−1 =
1

det A

 A11 A21 A31

A12 A22 A32

A13 A23 A33

. Çíàéäåìî

âèçíà÷íèê ìàòðèöi òà àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ:

detA = 13.

A11 = (−1)1+1 ·

∣∣∣∣∣ 4 −1

1 2

∣∣∣∣∣ = 9,

A12 = (−1)1+2 ·

∣∣∣∣∣ 2 −1

0 2

∣∣∣∣∣ = −4,

A13 = (−1)1+3 ·

∣∣∣∣∣ 2 4

0 1

∣∣∣∣∣ = 2,

A21 = (−1)2+1 ·

∣∣∣∣∣ −1 0

1 2

∣∣∣∣∣ = 2,

A22 = (−1)2+2 ·

∣∣∣∣∣ 1 0

0 2

∣∣∣∣∣ = 2,

A23 = (−1)2+3 ·

∣∣∣∣∣ 1 −1

0 1

∣∣∣∣∣ = −1,

A31 = (−1)3+1 ·

∣∣∣∣∣ −1 0

4 −1

∣∣∣∣∣ = 1,

A32 = (−1)3+2 ·

∣∣∣∣∣ 1 0

2 −1

∣∣∣∣∣ = 1,

A33 = (−1)3+3 ·

∣∣∣∣∣ 1 −1

2 4

∣∣∣∣∣ = 6.

Òîäi A−1 =
1

13

 9 2 1

−4 2 1

2 −1 6

.

Ïåðåâiðêà: A·A−1 =
1

13

 1 −1 0

2 4 −1

0 1 2


 9 2 1

−4 2 1

2 −1 6

 =
1

13

 13 0 0

0 13 0

0 0 13

,

A · A−1 =

 1 0 0

0 1 0

0 0 1

.

Âiäïîâiäü: A−1 =
1

13

 9 2 1

−4 2 1

2 −1 6

. �

Çàäà÷à 18. Çíàéòè îáåðíåíó ìàòðèöþ äëÿ ìàòðèöi A =

 1 2 −1

0 4 −2

1 0 2

.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî îáåðíåíó ìàòðèöþ ìåòîäîì åëåìåíòàðíèõ ïåðåòâîðåíü
ðÿäêiâ (ïðè¹äíàííÿì îäèíè÷íî¨ ìàòðèöi) (íàä ñòðiëêîþ âêàçàíi îïåðàöi¨ íàä
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ðÿäêàìè ìàòðèöi):

 1 2 −1

0 4 −2

1 0 2

∣∣∣∣∣∣∣
1 0 0

0 1 0

0 0 1

−I+III→III−−−−−−−−−−→

 1 2 −1

0 4 −2

0 −2 3

∣∣∣∣∣∣∣
1 0 0

0 1 0

−1 0 1



II : 4→ II−−−−−−−→


1 2 −1

0 1 −1

2

0 −2 3

∣∣∣∣∣∣∣∣∣
1 0 0

0
1

4
0

−1 0 1

→ II · 2+III→III−−−−−−−−−−−→


1 2 −1

0 1 −1

2

0 0 2

∣∣∣∣∣∣∣∣∣∣
1 0 0

0
1

4
0

−1
1

2
1



III : 2→III−−−−−−−−→


1 2 −1

0 1 −1

2

0 0 1

∣∣∣∣∣∣∣∣∣∣
1 0 0

0
1

4
0

−1

2

1

4

1

2

 III + I → I−−−−−−−−−−−−−−→
III : 2 + II → II


1 2 0

0 1 0

0 0 1

∣∣∣∣∣∣∣∣∣∣∣

1

2

1

4

1

2

−1

4

3

8

1

4

−1

2

1

4

1

2



II · (−2) + I → I
−−−−−−−−−−−−→


1 0 0

0 1 0

0 0 1

∣∣∣∣∣∣∣∣∣∣∣

1 −1

2
0

−1

4

3

8

1

4

−1

2

1

4

1

2

.

Âiäïîâiäü: A−1 =


1 −1

2
0

−1

4

3

8

1

4

−1

2

1

4

1

2

. �

Çàäà÷à 19. Ðîçâ'ÿçàòè ìàòðè÷íå ðiâíÿííÿ

(
2 3

−1 4

)
X =

(
9 10

1 −5

)
.

Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìî A =

(
2 3

−1 4

)
, B =

(
9 10

1 −5

)
. Òîäi ðiâíÿííÿ

ìîæíà ïåðåïèñàòè ó âèãëÿäi AX = B. Îñêiëüêè |A| = 8 + 3 = 11, òîìó

ìàòðèöÿ A íåâèðîäæåíà i äëÿ íå¨ iñíó¹ îáåðíåíà ìàòðèöÿ A−1. Îñêiëüêè

AX = B, òî A−1 · AX = A−1 ·B ⇒ X = A−1 ·B. Òàê ÿê

A−1 =
1

11

(
4 −3

1 2

)
, òîìó

X =
1

11

(
4 −3

1 2

)(
9 10

1 −5

)
=

1

11

(
33 55

11 0

)
=

(
3 5

1 0

)
.

Âiäïîâiäü:X =

(
3 5

1 0

)
. �

Çàäà÷à 20. Ðîçâ'ÿçàòè ìàòðè÷íå ðiâíÿííÿ:(
1 0

2 4

)
X

(
−1 −2

1 1

)
=

(
2 −3

4 1

)
.
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Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìî A =

(
1 0

2 4

)
, B =

(
−1 −2

1 1

)
,

C =

(
2 −3

4 1

)
. Ìàòðèöi A =

(
1 0

2 4

)
, B =

(
−1 −2

1 1

)
íåâèðîäæåíi,

òîìó

A ·X ·B = C ⇒ A−1 · AXB ·B−1 = A−1 · C ·B−1 ⇒ X = A−1 · C ·B−1.

Îñêiëüêè

A−1=
1

4

(
4 0

−2 1

)
, B−1 =

1

1

(
1 2

−1 −1

)
,

òî

X=
1

4

(
4 0

−2 1

)(
2 −3

4 1

)(
1 2

−1 −1

)
=

=
1

4

(
8 −12

0 7

)(
1 2

−1 −1

)
=

1

4

(
−20 28

−7 −7

)
.

Âiäïîâiäü:X =
1

4

(
−20 28

−7 −7

)
. �

Çàäà÷à 21. Ðîçâ'ÿçàòè ìàòðè÷íi ðiâíÿííÿ(
3 2

1 −4

)
·X ·

(
1 −1

−3 4

)
=

(
5 1

0 2

)
.

Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìî A =

(
3 2

1 −4

)
, B =

(
1 −1

−3 4

)
,

C =

(
5 1

0 2

)
. Ìàòðèöi A =

(
3 2

1 −4

)
, B =

(
1 −1

−3 4

)
íåâèðîäæåíi,

òîìó

A ·X ·B = C ⇒ A−1 · AXB ·B−1 = A−1 · C ·B−1 ⇒ X = A−1 · C ·B−1.

Îñêiëüêè

A−1=
1

−14

(
−4 −2

−1 3

)
, B−1 =

1

1

(
4 1

1 3

)
,

òî

X =
−1

14

(
−4 −2

−1 3

)(
5 1

0 2

)(
4 1

3 1

)
=

79



=
−1

14

(
−20 −8

−5 5

)(
4 1

3 1

)
=
−1

14

(
−104 −28

−5 0

)
.

Âiäïîâiäü: X =
−1

14

(
−104 −28

−5 0

)
. �

Çàäà÷à 22. Ðîçâ'ÿçàòè ìàòðè÷íå ðiâíÿííÿ. 1 −1 0

2 4 −1

0 1 2

X

 1 2 −1

0 4 −2

1 0 2

+

 −3 1 9

5 −3 8

−4 1 5

 =

 −4 2 5

1 12 −7

20 −17 8

 .

Ðîçâ'ÿçóâàííÿ. Àíàëîãi÷íî ïîïåðåäíüîìó ïðèêëàäó ìà¹ìî:

A ·X ·B + C = D ⇒ A ·X ·B = D − C ⇒

⇒ A−1 · AXB ·B−1 = A−1 · (D − C) ·B−1 ⇒ X = A−1 · (D − C) ·B−1 ⇒

⇒ A−1 =
1

13

 9 2 1

−4 2 1

2 −1 6

 , B−1 =
1

8

 8 −4 0

−2 3 2

−4 2 4

 ,

D − C =

 −1 1 −4

−4 15 −15

24 −18 3

⇒

⇒ X =
1

13
· 1
8

 9 2 1

−4 2 1

2 −1 6


 −1 1 −4

−4 15 −15

24 −18 3


 8 −4 0

−2 3 2

−4 2 4

 .

Òàêèì ÷èíîì, X =
1

13 · 8

 266 −91 −210

188 −78 −28

1310 −897 −142

 .

Âiäïîâiäü:X =
1

104

 266 −91 −210

188 −78 −28

1310 −897 −142

 . �

Çàäà÷à 23. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 3x4 + 4x3 + 2x + 3 âiä

ìàòðèöi A, ÿêùî A =

(
1 −2

2 3

)
.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî ñòåïåíi ìàòðèöi A:
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A2 =

(
1 −2

2 3

)
·

(
1 −2

2 3

)
=

(
−3 −8

8 5

)
,

A3 =

(
1 −2

2 3

)
·

(
−3 −8

8 5

)
=

(
−19 −18

18 −3

)
,

A4 =

(
1 −2

2 3

)
·

(
−19 −18

18 −3

)
=

(
−55 −12

16 −45

)
.

Òîäi f (A) = 3

(
−55 −12

16 −45

)
+4

(
−19 −18

18 −3

)
+2

(
1 −2

2 3

)
+3

(
1 0

0 1

)
,

f(A) =

(
−236 −112

124 −138

)
.

Âiäïîâiäü: f (A) =

(
−236 −112

124 −138

)
.

�

Çàäà÷à 24. Çíàéòè f (A), ÿêùî f (x) = 3x5 + 2x4 − x3 + 5x2 + 8x + 3 i

A =

 0 1 0

0 0 1

0 1 0

.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî ñòåïåíi ìàòðèöi A:

A2 =

 0 1 0

0 0 1

0 1 0

 ·
 0 1 0

0 0 1

0 1 0

 =

 0 0 1

0 1 0

0 0 1

 ,

A3 =

 0 0 1

0 1 0

0 0 1

 ·
 0 1 0

0 0 1

0 1 0

 =

 0 1 0

0 0 1

0 1 0

 ,

A4 =

 0 1 0

0 0 1

0 1 0

 ·
 0 1 0

0 0 1

0 1 0

 =

 0 0 1

0 1 0

0 0 1

 ,

A5 =

 0 0 1

0 1 0

0 0 1

 ·
 0 1 0

0 0 1

0 1 0

 =

 0 1 0

0 0 1

0 1 0

 .
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Òîäi f (A) = 3

 0 1 0

0 0 1

0 1 0

+ 2

 0 0 1

0 1 0

0 0 1

−
 0 1 0

0 0 1

0 1 0

+ 5

 0 0 1

0 1 0

0 0 1

+

+8

 0 1 0

0 0 1

0 1 0

+ 3

 1 0 0

0 1 0

0 0 1

 =

 3 10 7

0 10 10

0 10 10

 .

Âiäïîâiäü: f (A) =

 3 10 7

0 10 10

0 10 10

 .

�

Çàäà÷à 25. Ðîçâ'ÿçàòè ðiâíÿííÿ:

∣∣∣∣∣3(x2 − 1) 2(x− 1)

4 + x 1

∣∣∣∣∣ = 2x2 − 9x− 5.

Ðîçâ'ÿçóâàííÿ. Ìà¹ìî

∣∣∣∣∣3(x2 − 1) 2(x− 1)

4 + x 1

∣∣∣∣∣ = 2x2 − 9x− 5 ⇔

⇔ 3(x2 − 1) · 1− 2(x− 1) · (4 + x) = 2x2 − 9x− 5 ⇔
⇔ (x− 1)(3x + 3− 2(x + 4)) = (x− 5)(2x + 1) ⇔
⇔ (x− 1)(x− 5) = (x− 5)(2x + 1) ⇔
⇔ (x− 5)(2x + 1− x + 1) = 0 ⇔
⇔ (x− 5)(x + 2) = 0.

Îòæå, x = 5, x = −2.

Âiäïîâiäü: x = 5, x = −2. �

Çàäà÷à 26. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣2x + 3 −3x

3− x x

∣∣∣∣∣ > 0.

Ðîçâ'ÿçóâàííÿ.

∣∣∣∣∣2x + 3 −3x

3− x x

∣∣∣∣∣ > 0 ⇔ x · (2x + 3) + 3x · (3− x) > 0 ⇔

⇔ 2x2 + 3x + 9x− 3x2 > 0 ⇔ −x2 + 12x > 0 ⇔ −x(x− 12) > 0.

Îòæå, x ∈ (0; 12).

Âiäïîâiäü: x ∈ (0; 12). �

Çàäà÷à 27. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣3x 2x + 1

4 5− x

∣∣∣∣∣ < 0.

Ðîçâ'ÿçóâàííÿ.

∣∣∣∣∣3x 2x + 1

4 5− x

∣∣∣∣∣ < 0 ⇔ 3x · (5− x)− 4 · (2x + 1) < 0 ⇔

⇔ −3x2 + 7x− 4 < 0 ⇔ 3x2 − 7x + 4 > 0 ⇔ (x− 1) · (3x− 4) > 0.
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Îòæå, x ∈ (−∞; 1) ∪
(

4

3
; +∞

)
.

Âiäïîâiäü: x ∈ (−∞; 1) ∪
(

4

3
; +∞

)
. �

Çàäà÷à 28. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣x + 1 x2 − 1

4 2x + 1

∣∣∣∣∣ ≥ 0.

Ðîçâ'ÿçóâàííÿ.

∣∣∣∣∣x + 1 x2 − 1

4 2x + 1

∣∣∣∣∣ ≥ 0 ⇔

⇔ (x + 1) · (2x + 1)− 4 · (x2 − 1) ≥ 0 ⇔
⇔ (x + 1) (2x + 1− 4(x− 1)) ≥ 0 ⇔ (x + 1)(−2x + 5) ≥ 0.

Îòæå, x ∈
[
−1;

5

2

]
.

Âiäïîâiäü: x ∈
[
−1;

5

2

]
. �

Çàäà÷à 29. Ðîçâ'ÿçàòè íåðiâíiñòü:

∣∣∣∣∣ 3 x + 2

2x + 3 x2 − 4

∣∣∣∣∣ ≤ 2(x− 3).

Ðîçâ'ÿçóâàííÿ.

∣∣∣∣∣ 3 x + 2

2x + 3 x2 − 4

∣∣∣∣∣ ≤ 2(x− 9) ⇔

⇔ 3 · (x2 − 4)− (x + 2) · (2x + 3) ≤ 2(x− 9) ⇔
⇔ (x + 2) (3 (x− 2)− (2x + 3)) ≤ 2(x− 9) ⇔
⇔ (x + 2)(x− 9) ≤ 2(x− 9) ⇔ (x− 9)(x + 2− 2) ≤ 0.

Ìà¹ìî, x ∈ [0; 9].

Âiäïîâiäü: x ∈ [0; 9]. �

Çàäà÷à 30. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


y + 3z = −1,

2x + 3y + 5z = 3,

3x + 5y + 7z = 6.

Ðîçâ'ÿçóâàííÿ. Ðîçâ'ÿæåìî äàíó ñèñòåìó, âèêîðèñòîâóþ÷è ôîðìóëè Êðàìåðà.

Âèïèøåìî ðîçøèðåíó ìàòðèöþ ñèñòåìè ðiâíÿíü:

 0 1 3

2 3 5

3 5 7

∣∣∣∣∣∣∣
−1

3

6

.

Îá÷èñëèìî âèçíà÷íèê ìàòðèöi êîåôiöi¹íòiâ:

∆ =

∣∣∣∣∣∣∣
0 1 3

2 3 5

3 5 7

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 1 0

2 3 −4

3 5 −8

∣∣∣∣∣∣∣ = (−1)3 · 1 ·

∣∣∣∣∣ 2 −4

3 −8

∣∣∣∣∣ = 4.
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Îñêiëüêè âèçíà÷íèê íå äîðiâíþ¹ íóëþ, òî ñèñòåìà ìà¹ ¹äèíèé ðîçâ'ÿçîê.

Çíàéäåìî ∆x, ∆y, ∆z, ïiäñòàâëÿþ÷è çàìiñòü ñòîâïöÿ âiäïîâiäíèõ êîåôiöi¹íòiâ

ñòîâï÷èê âiëüíèõ ÷ëåíiâ:

∆x =

∣∣∣∣∣∣∣
−1 1 3

3 3 5

6 5 7

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
−1 0 0

3 6 14

6 11 25

∣∣∣∣∣∣∣ = (−1)2 (−1)

∣∣∣∣∣ 6 14

11 25

∣∣∣∣∣ = 4.

Òîäi x =
∆x

∆
= 1.

∆y =

∣∣∣∣∣∣∣
0 −1 3

2 3 5

3 6 7

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 −1 0

2 3 14

3 6 25

∣∣∣∣∣∣∣ = (−1)3 · (−1) ·

∣∣∣∣∣ 2 14

3 25

∣∣∣∣∣ = 8.

Òîäi y =
∆y

∆
= 2.

∆z =

∣∣∣∣∣∣∣
0 1 −1

2 3 3

3 5 6

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 1 0

2 3 6

3 5 11

∣∣∣∣∣∣∣ = (−1)3 · 1 ·

∣∣∣∣∣ 2 6

3 11

∣∣∣∣∣ = −4.

Òîäi z =
∆z

∆
= −1.

Âiäïîâiäü: x = 1, y = 2, z = −1. �

Çàäà÷à 31. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü ìåòîäîì �àóñà, ìàòðè÷íèì

ìåòîäîì òà çà äîïîìîãîþ ôîðìóë Êðàìåðà:


3x− 3y + 2z = −1,

x− 2y + 3z = 7,

x + 4y − 4z = −9.

Ðîçâ'ÿçóâàííÿ. Âèïèøåìî ðîçøèðåíó ìàòðèöþ ñèñòåìè ðiâíÿíü:

 3 −3 2

1 −2 3

1 4 −4

∣∣∣∣∣∣∣
−1

7

−9

.

Ðîçâ'ÿæåìî äàíó ñèñòåìó ìåòîäîì �àóñà. Ïîìiíÿ¹ìî ìiñöÿìè ïåðøèé òà äðóãèé

ðÿäêè ìàòðèöi. Åëåìåíòàðíèìè ïåðåòâîðåííÿìè çâåäåìî äàíó ìàòðèöþ äî

òðèêóòíîãî âèãëÿäó.
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 1 −2 3

3 −3 2

1 4 −4

∣∣∣∣∣∣∣
7

−1

−9

 I · (−3) + II → II
−−−−−−−−−−−−−→
I · (−1) + III → III

 1 −2 3

0 3 −7

0 6 −7

∣∣∣∣∣∣∣
7

−22

−16

→

II · (−2) + III → III
−−−−−−−−−−−−−−−−→

 1 −2 3

0 3 −7

0 0 7

∣∣∣∣∣∣∣
7

−22

28

 III : 7 → III−−−−−−−−−→
II + III → II

→

 1 −2 3

0 3 0

0 0 1

∣∣∣∣∣∣∣
7

6

4

→
III · (−3) + I → I
−−−−−−−−−−−−−→
II : 3 · 2 + I → I

→

 1 0 0

0 1 0

0 0 1

∣∣∣∣∣∣∣
−1

2

4

.

Ìà¹ìî: x = −1, y = 2, z = 4.

Ïîçíà÷èìî A =

 3 −3 2

1 −2 3

1 4 −4

, B =

 −1

7

−9

 , X =

 x

y

z

.

Îá÷èñëèìî âèçíà÷íèê ìàòðèöi êîåôiöi¹íòiâ A:

∆ =

∣∣∣∣∣∣∣
3 −3 2

1 −2 3

1 4 −4

∣∣∣∣∣∣∣ = 3

∣∣∣∣∣ −2 3

4 −4

∣∣∣∣∣− (−3)

∣∣∣∣∣ 1 3

1 −4

∣∣∣∣∣+ 2

∣∣∣∣∣ 1 −2

1 4

∣∣∣∣∣
∆ = −12− 21 + 12 = −21.

Îñêiëüêè âèçíà÷íèê íå äîðiâíþ¹ íóëþ, òî ìàòðèöÿ A íåâèðîäæåíà, ñèñòåìó

ìîæíà ðîçâ'ÿçàòè ìàòðè÷íèì ìåòîäîì.

A ·X = B ⇒ A−1 · AX = A−1 ·B ⇒ X = A−1 ·B.

Çíàéäåìî àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ ìàòðèöi A:

A11 = (−1)1+1 ·

∣∣∣∣∣ −2 3

4 −4

∣∣∣∣∣ = −4,

A12 = (−1)1+2 ·

∣∣∣∣∣ 1 3

1 −4

∣∣∣∣∣ = 7,

A13 = (−1)1+3 ·

∣∣∣∣∣ 1 −2

1 4

∣∣∣∣∣ = 6,

A21 = (−1)2+1 ·

∣∣∣∣∣ −3 2

4 −4

∣∣∣∣∣ = −4,

A22 = (−1)2+2 ·

∣∣∣∣∣ 3 2

1 −4

∣∣∣∣∣ = −14,

A23 = (−1)2+3 ·

∣∣∣∣∣ 3 −3

1 4

∣∣∣∣∣ = −15,

A31 = (−1)3+1 ·

∣∣∣∣∣ −3 2

−2 3

∣∣∣∣∣ = −5,

A32 = (−1)3+2 ·

∣∣∣∣∣ 3 2

1 3

∣∣∣∣∣ = −7,

A33 = (−1)3+3 ·

∣∣∣∣∣ 3 −3

1 −2

∣∣∣∣∣ = −3.

Òîäi A−1 =
1

−21

 −4 −4 −5

7 −14 −7

6 −15 −3


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i

X=
1

−21

 −4 −4 −5

7 −14 −7

6 −15 −3


 −1

7

−9


X =

1

−21

 4− 28 + 45

−7− 98 + 63

−6− 105 + 27

 =
1

−21

 21

−42

−84

 =

 −1

2

4

 .

Ìà¹ìî: x = −1, y = 2, z = 4.

Ðîçâ'ÿæåìî äàíó ñèñòåìó, âèêîðèñòîâóþ÷è ôîðìóëè Êðàìåðà. Âèïèøåìî ðîçøèðåíó

ìàòðèöþ ñèñòåìè ðiâíÿíü:

 3 −3 2

1 −2 3

1 4 −4

∣∣∣∣∣∣∣
−1

7

−9

. Îá÷èñëèìî âèçíà÷íèê ìàòðèöi

êîåôiöi¹íòiâ:

∆ =

∣∣∣∣∣∣∣
3 −3 2

1 −2 3

1 4 −4

∣∣∣∣∣∣∣ = 3

∣∣∣∣∣ −2 3

4 −4

∣∣∣∣∣− (−3)

∣∣∣∣∣ 1 3

1 −4

∣∣∣∣∣+ 2

∣∣∣∣∣ 1 −2

1 4

∣∣∣∣∣ ,
∆ = −12− 21 + 12 = −21.

Îñêiëüêè âèçíà÷íèê íå äîðiâíþ¹ íóëþ, òî ñèñòåìà ìà¹ ¹äèíèé ðîçâ'ÿçîê.

Çíàéäåìî ∆x, ∆y, ∆z, ïiäñòàâëÿþ÷è çàìiñòü ñòîâïöÿ âiäïîâiäíèõ êîåôiöi¹íòiâ

ñòîâï÷èê âiëüíèõ ÷ëåíiâ:

∆x =

∣∣∣∣∣∣∣
−1 −3 2

7 −2 3

−9 4 −4

∣∣∣∣∣∣∣ = −1

∣∣∣∣∣ −2 3

4 −4

∣∣∣∣∣− (−3)

∣∣∣∣∣ 7 3

−9 −4

∣∣∣∣∣+ 2

∣∣∣∣∣ 7 −2

−9 4

∣∣∣∣∣ ,
∆x = 4− 3 + 20 = 21.

Òîäi x =
∆x

∆
=

21

−21
= −1.

∆y =

∣∣∣∣∣∣∣
3 −1 2

1 7 3

1 −9 −4

∣∣∣∣∣∣∣ = 3

∣∣∣∣∣ 7 3

−9 −4

∣∣∣∣∣− (−1)

∣∣∣∣∣ 1 3

1 −4

∣∣∣∣∣+ 2

∣∣∣∣∣ 1 7

1 −9

∣∣∣∣∣ ,
∆y = −3− 7− 32 = −42.

Òîäi y =
∆y

∆
=
−42

−21
= 2.

∆z =

∣∣∣∣∣∣∣
3 −3 −1

1 −2 7

1 4 −9

∣∣∣∣∣∣∣ = 3

∣∣∣∣∣ −2 7

4 −9

∣∣∣∣∣− (−3)

∣∣∣∣∣ 1 7

1 −9

∣∣∣∣∣+ (−1)

∣∣∣∣∣ 1 −2

1 4

∣∣∣∣∣ ,
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∆z = −30− 48− 6 = −84.

Òîäi z =
∆z

∆
=
−84

−21
= 4.

Âiäïîâiäü: x = −1, y = 2, z = 4. �

Çàäà÷à 32. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


3x1 + x2 − x3 = 3,

x1 + 2x2 − x3 = 2,

4x1 + 3x2 − 2x3 = 4.

Ðîçâ'ÿçóâàííÿ. Åëåìåíòàðíèìè ïåðåòâîðåííÿìè çâåäåìî ìàòðèöþ êîåôiöi¹íòiâ 1 2 −1

3 1 −1

4 3 −2

∣∣∣∣∣∣∣
2

3

4

 äî òðàïåöåâèäíîãî âèãëÿäó:

 1 2 −1

3 1 −1

4 3 −2

∣∣∣∣∣∣∣
2

3

4

 I · (−3) + II → II
−−−−−−−−−−−−−→
I · (−4) + III → III

 1 2 −1

0 −5 2

0 −5 2

∣∣∣∣∣∣∣
2

−3

−4

→

II · (−1) + III → III
−−−−−−−−−−−−−−−−→

 1 2 −1

0 −5 2

0 0 0

∣∣∣∣∣∣∣
2

−3

−1

 .

Ñèñòåìà íåñóìiñíà, îñêiëüêè ðàíã ìàòðèöi êîåôiöi¹íòiâ äîðiâíþ¹ 2, à ðàíã

ðîçøèðåíî¨ ìàòðèöi äîðiâíþ¹ 3.

Âiäïîâiäü: ñèñòåìà íåñóìiñíà (ðîçâ'ÿçêiâ íå ìà¹). �

Çàäà÷à 33. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü



2x1 + x2 − x3 + 2x4 = −4,

x1 − 2x2 + x3 + 4x4 = 1,

3x1 + 2x2 − 2x3 + x4 = −4,

−x1 + x2 − 3x3 − 2x4 = −4.

Ðîçâ'ÿçóâàííÿ. Ðîçâ'ÿæåìî äàíó ñèñòåìó ìåòîäîì �àóñà. Âèïèøåìî ðîçøèðåíó

ìàòðèöþ ñèñòåìè ðiâíÿíü:


2 1 −1 2

1 −2 1 4

3 2 −2 1

−1 1 −3 −2

∣∣∣∣∣∣∣∣∣∣
−4

1

−4

−4

. Ïîìiíÿ¹ìî ìiñöÿìè

ïåðøèé òà äðóãèé ðÿäêè ìàòðèöi. Åëåìåíòàðíèìè ïåðåòâîðåííÿìè çâåäåìî

äàíó ìàòðèöþ äî òðèêóòíîãî âèãëÿäó.
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
1 −2 1 4

2 1 −1 2

3 2 −2 1

−1 1 −3 −2

∣∣∣∣∣∣∣∣∣∣
1

−4

−4

−4


I · (−2) + II → II
−−−−−−−−−−−−−→
I · (−3) + III → III

I + IV → IV


1 −2 1 4

0 5 −3 −6

0 8 −5 −11

0 −1 −2 2

∣∣∣∣∣∣∣∣∣∣
1

−6

−7

−3

→

IV → II−−−−−−→
IV · 5 + II → III

IV · 8 + III → IV


1 −2 1 4

0 −1 −2 2

0 0 −13 4

0 0 −21 5

∣∣∣∣∣∣∣∣∣∣
1

−3

−21

−31


III → III−−−−−−−→
III · (−21) + IV · 13 → IV

I + IV → IV
1 −2 1 4

0 −1 −2 2

0 0 −13 4

0 0 0 −19

∣∣∣∣∣∣∣∣∣∣
1

−3

−21

38


Ç îñòàíüîãî ðÿäêà ìàòðèöi ìà¹ìî −19x4 = 38, òîáòî x4 = −2.

Ç òðåòüîãî ðÿäêà îñòàíüî¨ ìàòðèöi îòðèìà¹ìî−13x3+4x4 = −21, òîìó x3 = 1.

Äðóãèé ðÿäîê ìàòðèöi çàïèøåìî ÿê −x2− 2x3 +2x4 = −3, çâiäêè îòðèìà¹ìî

x2 = −3.

Âiäíîâëþ¹ìî ïåðøèé ðÿäîê ìàòðèöi x1 − 2x2 + x3 + 4x4 = 1, òîìó x1 = 2.

Òàêèì ÷èíîì, ìà¹ìî: x1 = 2, x2 = −3, x3 = 1, x4 = −2.

Ðîçâ'ÿæåìî äàíó ñèñòåìó, âèêîðèñòîâóþ÷è ôîðìóëè Êðàìåðà.

Âèïèøåìî ðîçøèðåíó ìàòðèöþ ñèñòåìè ðiâíÿíü:


2 1 −1 2

1 −2 1 4

3 2 −2 1

−1 1 −3 −2

∣∣∣∣∣∣∣∣∣∣
−4

1

−4

−4

.

Îá÷èñëèìî âèçíà÷íèê ìàòðèöi êîåôiöi¹íòiâ:

∆ =

∣∣∣∣∣∣∣∣∣∣
2 1 −1 2

1 −2 1 4

3 2 −2 1

−1 1 −3 −2

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
0 3 −7 −2

0 −1 −2 2

0 5 −11 −5

−1 1 −3 −2

∣∣∣∣∣∣∣∣∣∣
,

∆ = (−1)4+1 · (−1)

∣∣∣∣∣∣∣
3 −7 −2

−1 −2 2

5 −11 −5

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 −13 4

−1 −2 2

0 −21 5

∣∣∣∣∣∣∣ ,

∆ = (−1)2+1(−1)

∣∣∣∣∣ −13 4

−21 5

∣∣∣∣∣ = −13 · 5 + 4 · 21 = 19.
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Îñêiëüêè âèçíà÷íèê íå äîðiâíþ¹ íóëþ, òî ñèñòåìà ìà¹ ¹äèíèé ðîçâ'ÿçîê.

Çíàéäåìî∆x1
,∆x2

,∆x3
,∆x4

, ïiäñòàâëÿþ÷è çàìiñòü ñòîâïöÿ âiäïîâiäíèõ êîåôiöi¹íòiâ

ñòîâï÷èê âiëüíèõ ÷ëåíiâ:

∆x1
=

∣∣∣∣∣∣∣∣∣∣
−4 1 −1 2

1 −2 1 4

−4 2 −2 1

−4 1 −3 −2

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
0 −7 3 18

1 −2 1 4

0 −6 2 17

0 −7 1 14

∣∣∣∣∣∣∣∣∣∣
,

∆x1
= (−1)2+1 · 1

∣∣∣∣∣∣∣
−7 3 18

−6 2 17

−7 1 14

∣∣∣∣∣∣∣ = −1

∣∣∣∣∣∣∣
14 0 −24

8 0 −11

−7 1 14

∣∣∣∣∣∣∣ ,
∆x1

= −1 · (−1)3+2 · 1

∣∣∣∣∣ 14 −24

8 −11

∣∣∣∣∣ = (−154 + 192) = 38.

Òîäi x1 =
∆x1

∆
=

38

19
= 2.

∆x2
=

∣∣∣∣∣∣∣∣∣∣
2 −4 −1 2

1 1 1 4

3 −4 −2 1

−1 −4 −3 −2

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
0 −6 −3 −6

1 1 1 4

0 −7 −5 −11

0 −3 −2 2

∣∣∣∣∣∣∣∣∣∣
= (−1)2+1·1·

∣∣∣∣∣∣∣
−6 −3 −6

−7 −5 −11

−3 −2 2

∣∣∣∣∣∣∣ ,

∆x2
= −1

(
−3

∣∣∣∣∣ −3 −6

−5 −11

∣∣∣∣∣+ (−1)3+2 · (−2)

∣∣∣∣∣ −6 −6

−7 −11

∣∣∣∣∣+ (−1)3+3 · 2

∣∣∣∣∣ −6 −3

−7 −5

∣∣∣∣∣
)

,

∆x2
= −1 · (−3 · 3 + 2 · 24 + 2 · 9) = −57.

Òîäi x2 =
∆x2

∆
=
−57

19
= −3.

∆x3
=

∣∣∣∣∣∣∣∣∣∣
2 1 −4 2

1 −2 1 4

3 2 −4 1

−1 1 −4 −2

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
0 3 −12 −2

0 −1 −3 2

0 5 −16 −5

−1 1 −4 −2

∣∣∣∣∣∣∣∣∣∣
= (−1)4+1·(−1)·

∣∣∣∣∣∣∣
3 −12 −2

−1 −3 2

5 −16 −5

∣∣∣∣∣∣∣ ,

∆x3
= 3

∣∣∣∣∣ −3 2

−16 −5

∣∣∣∣∣− 1 · (−12)

∣∣∣∣∣ −1 2

5 −5

∣∣∣∣∣− 2

∣∣∣∣∣ −1 −3

5 −16

∣∣∣∣∣ ,
∆x3

= 3 · 47 + 12 · (−5)− 2 · 31 = 19.

Òîäi x3 =
∆x3

∆
=

19

19
= 1.
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∆x4
=

∣∣∣∣∣∣∣∣∣∣
2 1 −1 −4

1 −2 1 1

3 2 −2 −4

−1 1 −3 −4

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
0 3 −7 −12

0 −1 −2 −3

0 5 −11 −16

−1 1 −3 −4

∣∣∣∣∣∣∣∣∣∣
,

∆x4
= (−1)4+1 · (−1) ·

∣∣∣∣∣∣∣
3 −7 −12

−1 −2 −3

5 −11 −16

∣∣∣∣∣∣∣ .

∆x4
= 3

∣∣∣∣∣ −2 −3

−11 −16

∣∣∣∣∣− 1 · (−7)

∣∣∣∣∣ −1 −3

5 −16

∣∣∣∣∣− 12

∣∣∣∣∣ −1 −2

5 −11

∣∣∣∣∣ ,
∆x4

= 3 · (−1) + 7 · 31− 12 · 21 = −38.

Òîäi x4 =
∆x4

∆
=
−38

19
= −2.

Âiäïîâiäü: x1 = 2, x2 = −3, x3 = 1, x4 = −2.

�

Çàäà÷à 34. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


3x1 + 4x2 + 2x3 + x4 = 16,

x1 + 7x2 + x3 + x4 = 23,

2x1 + x2 + 3x3 + 5x4 = 10,

4x1 − 3x2 + 4x3 + 6x4 = 1.

Ðîçâ'ÿçóâàííÿ. Ðîçâ'ÿæåìî äàíó ñèñòåìó ìåòîäîì �àóñà. Âèïèøåìî ðîçøèðåíó

ìàòðèöþ ñèñòåìè ðiâíÿíü:


3 4 2 1

1 7 1 1

2 1 3 5

4 −3 4 6

∣∣∣∣∣∣∣∣∣∣
16

23

10

1

. Ïîìiíÿ¹ìî ìiñöÿìè ïåðøèé

òà äðóãié ðÿäêè ìàòðèöi. Âèêîíà¹ìî ïðÿìèé õiä ìåòîäó �àóñà. Åëåìåíòàðíèìè

ïåðåòâîðåííÿìè çâåäåìî äàíó ìàòðèöþ äî òðèêóòíîãî âèãëÿäó.
1 7 1 1

3 4 2 1

2 1 3 5

4 −3 4 6

∣∣∣∣∣∣∣∣∣∣
23

16

10

1


I · (−3) + II → II
−−−−−−−−−−−−−→
I · (−2) + III → III

I · (−4) + IV → IV


1 7 1 1

0 −17 −1 −2

0 −13 1 3

0 −31 0 2

∣∣∣∣∣∣∣∣∣∣
23

−53

−36

−91

→

II + III → III−−−−−−−−−−−→


1 7 1 1

0 −17 −1 −2

0 −30 0 1

0 −31 0 2

∣∣∣∣∣∣∣∣∣∣
23

−53

−89

−91

 III − IV → III−−−−−−−−−−−−→
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→


1 7 1 1

0 −17 −1 −2

0 1 0 −1

0 −31 0 2

∣∣∣∣∣∣∣∣∣∣
23

−53

2

−91

→
III · 17 + II → II−−−−−−−−−−−−−→
III · 31 + IV → IV

→


1 7 1 1

0 0 −1 −19

0 1 0 −1

0 0 0 −29

∣∣∣∣∣∣∣∣∣∣
23

−19

2

−29

 IV · −1

29
→ IV

−−−−−−−−−−→


1 7 1 1

0 1 0 −1

0 0 −1 −19

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
23

2

−19

1

.

Ïðÿìèé õiä ìåòîäó �àóñà çàâåðøåíî. Âèêîíà¹ìî çâîðîòíié õiä. Çà äîïîìîãîþ

÷åòâåðòîãî ðÿäêà îòðèìà¹ìî íóëi ó ÷åòâåðòîìó ñòîâï÷èêó:

IV · (19) + III → III
−−−−−−−−−−−−−−−−→
IV · (1) + II → II

IV · (−1) + I → I


1 7 1 0

0 1 0 0

0 0 −1 0

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
22

3

0

1

 III + I → I−−−−−−−−→

→


1 7 0 0

0 1 0 0

0 0 −1 0

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
22

3

0

1

 II · (−7) + I → I
−−−−−−−−−−−−→


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
1

3

0

1

.

Îòæå, x1 = 1, x2 = 3, x3 = 0, x4 = 1.

Âiäïîâiäü:x1 = 1, x2 = 3, x3 = 0, x4 = 1. �

Çàäà÷à 35. Äîñëiäèòè òà ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü
3x1 + 2x2 − 3x3 + 4x4 = 1,

2x1 + 3x2 − 2x3 + 3x4 = 2,

4x1 + 2x2 − 3x3 + 2x4 = 3.

Ðîçâ'ÿçóâàííÿ. Çàïèøåìî ìàòðèöþ êîåôiöi¹íòiâ

 3 2 −3 4

2 3 −2 3

4 2 −3 2

∣∣∣∣∣∣∣
1

2

3

 àáî

 1 −1 −1 1

2 3 −2 3

4 2 −3 2

∣∣∣∣∣∣
−1

2

3

 I · (−2) + II → II
−−−−−−−−−−−−−→
I · (−4) + III → II

 3 2 −3 4

0 5 0 1

0 6 1 −2

∣∣∣∣∣∣
1

4

7

→

II · (−1) + III → II
−−−−−−−−−−−−−−−→

 3 2 −3 4

0 1 1 −3

0 6 1 −2

∣∣∣∣∣∣
1

3

7

 II · (−6) +III → III
−−−−−−−−−−−−−−−→
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→

 3 2 −3 4

0 1 1 −3

0 0 −5 16

∣∣∣∣∣∣
1

3

−11

 . Ðàíã ðîçøèðåíî¨ ìàòðèöi çáiãà¹òüñÿ ç ðàíãîì ìàòðèöi

êîåôiöi¹íòiâ, îòæå ñèñòåìà ñóìiñíà çà òåîðåìîþ Êðîíåêåðà�Êàïåëëi. Ðàíã

äîðiâíþ¹ 3, à êiëüêiñòü çìiííèõ 4, òîìó ñèñòåìà ìà¹ áåçëi÷ ðîçâ'ÿçêiâ. Çà

áàçîâi çìiíè âiçüìåìî x1, x2, x3. Âèðàçèìî áàçîâi çìiííi ÷åðåç âiëüíó. Íåõàé

x4 = A, òîäi

x3 =
1

5
(11 + 16A) , x2 = 3 + 3A− 1

5
(11 + 16A) =

1

5
(4− A) ,

x1 =
1

3

(
1− 4A +

3

5
(11 + 16A)− 2

5
(4− A)

)
=

1

15
(30 + 30A) = 2 + 2A.

Çàãàëüíèé ðîçâ'ÿçîê ìà¹ âèãëÿä:


2 + 2A

1

5
(4− A)

1

5
(11 + 16A)

A

 , A ∈ R, àáî


10 + 10A

4− A

11 + 16A

5A

 , A ∈ R.

Âiäïîâiäü:


10 + 10A

4− A

11 + 16A

5A

 , A ∈ R. �

Çàäà÷à 36. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


x1 + x2 − 3x4 − 4x5 = 0,

x1 + x2 − x3 + 2x4 − x5 = 1,

2x1 + 2x2 + x3 − x4 + 3x5 = 0.

.

Ðîçâ'ÿçóâàííÿ. Ïåðåòâîðèìî ìàòðèöþ êîåôiöi¹íòiâ:

 1 1 0 −3 −4

1 1 −1 2 −1

2 2 1 −1 3

∣∣∣∣∣∣
0

1

0

 I · (−1) + II → II
−−−−−−−−−−−−−→
I · (−2) + III → III

 1 1 0 −3 −4

0 0 −1 5 3

0 0 1 5 11

∣∣∣∣∣∣
0

1

0

→

II + III → III−−−−−−−−−−−→

 1 1 0 −3 −4

0 0 −1 5 3

0 0 0 10 14

∣∣∣∣∣∣
0

1

1

 .
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Ñèñòåìà ñóìiñíà (ðàíã ìàòðèöi êîåôiöi¹íòiâ äîðiâíþ¹ ðàíãó ðîçøèðåíî¨ ìàòðèöi),

íåâèçíà÷åíà (êiëüêiñòü çìiííèõ áiëüøà çà ðàíã). Çàãàëüíèé ðîçâ'ÿçîê çíàéäåìî

ÿê ñóìó çàãàëüíîãî ðîçâ'ÿçêó âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè ðiâíÿíü òà ÷àñòêîâîãî

ðîçâ'ÿçêó íåîäíîðiäíî¨ ñèñòåìè ðiâíÿíü. Ìàòðèöÿ êîåôiöi¹íòiâ îäíîðiäíî¨

ñèñòåìè ìà¹ âèãëÿä:

 1 1 0 −3

0 0 −1 5

0 0 0 10

−4

3

14

. Ðàíã ìàòðèöi 3, äåôåêò ìàòðèöi

2 (2 âiëüíi çìiííi). Çà áàçîâi çìiííi âiçüìåìî íåâiäîìi x2, x3, x4. Çíàéäåìî

âèðàç áàçîâèõ çìiííèõ ÷åðåç âiëüíi x1, x5. Îñêiëüêè ó íàñ äâi âiëüíi çìiííi, òî

ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ìà¹ äâà âåêòîðà. Íåõàé x1 = 1, x5 = 0,

òîäi x4 = 0, x3 = 0, x2 = −1. Íåõàé òåïåð x1 = 0, x5 = 1, òîäi

x4 = −14

10
, x3 = 3 + 5

(
−14

10

)
= −4, x2 = 4 + 3

(
−14

10

)
=
−1

5
.

Òîäi çàãàëüíèé ðîçâ'ÿçîê ìà¹ âèãëÿä


1

−1

0

0

0

 ·A+


0

−1

−20

−7

5

 ·B, A, B ∈ R.

Òåïåð çíàéäåìî ÷àñòêîâèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòåìè.

Íåõàé x1 = 0, x5 = 0, òîäi x4 =
1

10
= 0.1, x3 = 1 +

1

2
=

3

2
= 1.5,

x2 =
3

10
= 0.3, i ÷àñòêîâèì ðîçâ'ÿçêîì áóäå âåêòîð


0

0.3

1.5

0.1

0

 .

Âiäïîâiäü:


1

−1

0

0

0

 · A +


0

−1

−20

−7

5

 ·B +


0

0.3

1.5

0.1

0

 , A,B ∈ R. �

Çàäà÷à 37. Äîñëiäèòè òà ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü
x1 + 3x2 + 4x3 + x4 = 0,

2x1 + 2x2 + 3x3 + x4 = 0,

3x1 + 3x2 + 4x3 + x4 = 0.

Ðîçâ'ÿçóâàííÿ. Îñêiëüêè êiëüêiñòü çìiííèõ ñèñòåìè áiëüøà çà êiëüêiñòü ðiâíÿíü,

òî äàíà îäíîðiäíà ñèñòåìà ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè. Ìàòðèöþ êîåôiöi¹íòiâ
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 1 3 4 1

2 2 3 1

3 3 4 1

∣∣∣∣∣∣∣
0

0

0

 äàíî¨ ñèñòåìè åëåìåíòàðíèìè ïåðåòâîðåííÿìè çâåäåìî äî

òðàïåöåâèäíîãî âèãëÿäó:

I · (−2) + II → II
−−−−−−−−−−−−−→
I · (−3) + III → III

 1 3 4 1

0 −4 −5 −1

0 −6 −8 −2

∣∣∣∣∣∣
0

0

0

 III : 2 → III−−−−−−−−−→

 1 3 4 1

0 −4 −5 −1

0 3 4 1

∣∣∣∣∣∣
0

0

0

→

II + III → II−−−−−−−−−−→

 1 3 4 1

0 −1 −1 0

0 3 4 1

∣∣∣∣∣∣
0

0

0

 II · 3 + III → III−−−−−−−−−−−−−→

 1 3 4 1

0 1 1 0

0 0 1 1

∣∣∣∣∣∣
0

0

0

→

III · (−1) + II → II
−−−−−−−−−−−−−−−→
III · (−4) + I → I

 1 3 0 −3

0 1 0 −1

0 0 1 1

∣∣∣∣∣∣
0

0

0

 II · (−3) + I → I
−−−−−−−−−−−−→

 1 0 0 0

0 1 0 −1

0 0 1 1

∣∣∣∣∣∣
0

0

0

 .

Ðàíã ìàòðèöi äîðiâíþ¹ 3. Çà áàçèñíèé âiçüìåìî ìiíîð, ðîçòàøîâàíèé ó

1�3 ñòîâïöÿõ. Òîäi áàçîâèìè çìiííèìè áóäóòü x1, x2, x3. Âèðàçèìî áàçîâi

çìiííi ÷åðåç âiëüíó:


x1 = 0

x2 = x4

x3 = −x4

. Íåõàé x4 = A. Òîäi ðîçâ'ÿçêîì ñèñòåìè ¹

âåêòîð


0

A

−A

A

 àáî


0

1

−1

1

 · A, A ∈ R.

Âiäïîâiäü:


0

1

−1

1

A, äå A ∈ R. �

Çàäà÷à 38. Äàíî âåêòîðè −→a = (−2; 3;−1),
−→
b = (−1; 4; 2), −→c = (1; 2; 1).

Äîâåñòè, ùî âîíè óòâîðþþòü áàçèñ. Çíàéòè ðîçêëàä âåêòîðà
−→
d = (2; 8; 9)

çà âåêòîðàìè −→a ,
−→
b ,−→c .

Ðîçâ'ÿçóâàííÿ. Âåêòîðè óòâîðþþòü áàçèñ òîäi é ëèøå òîäi, ÿêùî âîíè ëiíiéíî

íåçàëåæíi. Äëÿ òðüîõ âåêòîðiâ äîñòàòíüî, ùîá âîíè áóëè íåêîìïëàíàðíèìè,

òîáòî ìiøàíèé äîáóòîê ïîâèíåí áóòè âiäìiííèé âiä íóëÿ. Çíàéäåìî ìiøàíèé

äîáóòîê:

∣∣∣∣∣∣∣
−2 3 −1

−1 4 2

1 2 1

∣∣∣∣∣∣∣.
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Îá÷èñëèìî âèçíà÷íèê çà åëåìåíòàìè ïåðøîãî ðÿäêà:

∆ =

∣∣∣∣∣∣∣
−2 3 −1

−1 4 2

1 2 1

∣∣∣∣∣∣∣ = (−1)2 · (−2) ·

∣∣∣∣∣ 4 2

2 1

∣∣∣∣∣+ (−1)3 · 3 ·

∣∣∣∣∣ −1 2

1 1

∣∣∣∣∣+
+ (−1)4 · (−1) ·

∣∣∣∣∣ −1 4

1 2

∣∣∣∣∣ = 0 + 9 + 7 = 16.

Îñêiëüêè âèçíà÷íèê íå äîðiâíþ¹ íóëþ, òî âåêòîðè ëiíiéíî íåçàëåæíi, òîáòî

óòâîðþþòü áàçèñ. Çíàéäåìî ðîçêëàä âåêòîðà
−→
d çà âåêòîðàìè−→a ,

−→
b ,−→c .Íåõàé

−→
d = x−→a + y

−→
b + z−→c , òîäi

−→
d = (2; 8; 9) = (−2x; 3x;−x) + (−y; 4y; 2y) + (z; 2z; z),
−→
d = (−2x− y + z; 3x + 4y + 2z;−x + 2y + z).

Îòðèìà¹ìî ñèñòåìó ðiâíÿíü


−2x− y + z = 2,

3x + 4y + 2z = 8,

−x + 2y + z = 9.

Ðîçâ'ÿæåìî äàíó ñèñòåìó ìåòîäîì �àóñà. Âèïèøåìî ðîçøèðåíó ìàòðèöþ ñèñòå-

ìè ðiâíÿíü:

 −2 −1 1

3 4 2

−1 2 1

∣∣∣∣∣∣∣
2

8

9

.

Ïîìiíÿ¹ìî ìiñöÿìè ïåðøèé òà òðåòié ðÿäêè ìàòðèöi. Åëåìåíòàðíèìè ïåðå-

òâîðåííÿìè çâåäåìî äàíó ìàòðèöþ äî òðèêóòíîãî âèãëÿäó. −1 2 1

3 4 2

−2 −1 1

∣∣∣∣∣∣∣
9

8

2

 I · (3) + II → II
−−−−−−−−−−−−→
I · (−2) + III → III

 −1 2 1

0 10 5

0 −5 −1

∣∣∣∣∣∣∣
9

35

−16

→

II + 2 · III → III−−−−−−−−−−−−−→

 −1 2 1

0 10 5

0 0 3

∣∣∣∣∣∣∣
9

35

3

 II : 5 → II−−−−−−−−→
III : 3 → III

→

 −1 2 1

0 2 1

0 0 1

∣∣∣∣∣∣∣
9

7

1

 .

Ðàíã ìàòðèöi êîåôiöiåíòiâ äîðiâíþ¹ ðàíãó ðîçùèðåííî¨ ìàòðèöi òà äîðiâíþ¹

êiëüêîñòi íåâiäîìèõ, òîìó ñèñòåìà ìà¹ ¹äèíèé ðîçâ'ÿçîê.

Çà äîïîìîãîþ îñòàíüîãî ðÿäêà îòðèìà¹ìî çíà÷åííÿ z: z = 1.

Ïiñëÿ âiäíîâëåííÿ äðóãîãî ðÿäêà 2y + z = 7 îòðèìà¹ìî y = 3.

Ç ïåðøîãî ðÿäêà −x + 2y + z = 9 ìà¹ìî x = −2.

Òàêèì ÷èíîì,
−→
d = −2−→a + 3

−→
b +−→c .

Âiäïîâiäü:
−→
d = −2−→a + 3

−→
b +−→c . �

Çàäà÷à 39. Äëÿ çàäàíèõ âåêòîðiâ −→a = (1;−2; 4),
−→
b = (1; 3;−2),

−→c = (2; 4;−3) çíàéòè:
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(a) íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà −→a ;

(b) ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) ;

(c) âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) ;

(d) îðòîãîíàëüíó ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

Ðîçâ'ÿçóâàííÿ. (a) Çíàéäåìî íàïðÿìíi êîñèíóñè òà äîâæèíó âåêòîðà
−→a = (1;−2; 4) :

|−→a | =
√

12 + (−2)2 + 42 =
√

21,

cos α =
ax

|−→a |
=

1√
21
,

cos β =
ay

|−→a |
=
−2√
21
,

cos γ =
az

|−→a |
=

3√
21
.

(b) Çíàéäåìî ñêàëÿðíèé äîáóòîê âåêòîðiâ
(
2−→a + 3

−→
b
)
· (3−→c −−→a ) .

Äëÿ öüîãî îá÷èñëèìî êîîðäèíàòè âåêòîðiâ-ìíîæíèêiâ:

2−→a + 3
−→
b = 2 (1;−2; 4) + 3 (1; 3;−2) = (5; 5; 2) ;

3−→c −−→a = 3 (2; 4;−3)− (1;−2; 4) = (5; 14;−13) .

Êîðèñòó¹ìîñÿ ôîðìóëîþ äëÿ çíàõîäæåííÿ ñêàëÿðíîãî äîáóòêó â

êîîðäèíàòíîìó âèãëÿäi:(
2−→a + 3

−→
b
)
· (3−→c −−→a ) = (5; 5; 2) · (5; 14;−13)(

2−→a + 3
−→
b
)
· (3−→c −−→a ) = 5 · 5 + 5 · 14 + 2 · (−13) = 69.

(c) Çíàéäåìî âåêòîðíèé äîáóòîê
(−→a − 2

−→
b
)
× (2−→c + 3−→a ) .

Îá÷èñëþ¹ìî êîîðäèíàòè âåêòîðiâ:
−→a − 2

−→
b = (1;−2; 4)− 2 (1; 3;−2) = (−1;−8; 8) ,

2−→c + 3−→a = 2 (2; 4;−3) + 3 (1;−2; 4) = (7; 2; 6) .

Âèêîðèñòà¹ìî êîîðäèíàòíó ôîðìó âåêòîðíîãî äîáóòêó:(−→a − 2
−→
b
)
× (2−→c + 3−→a ) = (−1;−8; 8)× (7; 2; 6) =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

−1 −8 8

7 2 6

∣∣∣∣∣∣∣,
àáî(−→a − 2

−→
b
)
×(2−→c + 3−→a ) = −64

−→
i +62

−→
j +54

−→
k =

(
−64; 62; 54

)
.

(d) Çíàéäåìî ïðîåêöiþ âåêòîðà
(
3−→a − 2

−→
b
)
íà âåêòîð

(−→c − 2
−→
b
)

.

Ñïî÷àòêó îá÷èñëþ¹ìî êîîðäèíàòè âåêòîðiâ:

3−→a − 2
−→
b = 3 (1;−2; 4)− 2 (1; 3;−2) = (1;−12; 16) ,

−→c − 2
−→
b = (2; 4;−3)− 2 (1; 3;−2) = (0;−2; 1) ,
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ïð(−→c −2
−→
b
) (3−→a − 2

−→
b
)

=

(
3−→a − 2

−→
b
)
·
(−→c − 2

−→
b
)

∣∣∣(−→c − 2
−→
b
)∣∣∣ ,(

3−→a − 2
−→
b
)
·
(−→c − 2

−→
b
)

= (1;−12; 16) · (0;−2; 1) ,(
3−→a − 2

−→
b
)
·
(−→c − 2

−→
b
)

= 1 · 0− 12 · (−2) + 16 · 1 = 40,∣∣∣−→c − 2
−→
b
∣∣∣ =

√
02 + (−2)2 + 12 =

√
5,

ïð(−→c −2
−→
b
) (3−→a − 2

−→
b
)

=
40√

5
.

�

Çàäà÷à 40. Äàíî òðè òî÷êè A(1; 2), B(0;−3), C(−1; 4). Çíàéòè:

(a) ïëîùó òðèêóòíèêà ABC;

(b) ðiâíÿííÿ òà äîâæèíó âèñîòè, ïðîâåäåíó ç âåðøèíè A;

(c) âíóòðiøíi êóòè òðèêóòíèêà;

(d) êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C;

(e) ðiâíÿííÿ òà äîâæèíó ñåðåäíüî¨ ëiíi¨ ïàðàëåëüíî¨ ñòîðîíi AC .

Çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. (a) Çíàéäåìî äîâæèíó âèñîòèAK, ÿê âiäñòàíü âiä òî÷êè

A äî ïðÿìî¨ BC. Äëÿ öüîãî çàïèøåìî ðiâíÿííÿ ïðÿìî¨ BC:
x− x1

x2 − x1
=

y − y1

y2 − y1
x− 0

−1− 0
=

y + 3

4 + 3
⇒ x

−1
=

y + 3

7
,

7x = −y − 3

7x + y + 3 = 0.

Òîäi, |AK| = |Ax0 + By0 + C|√
A2 + B2

=
7 · 1 + 2 + 3√

72 + 11
=

12√
50

.

Îñêiëüêè
−−→
AK ⊥

−−→
BC, òî ðiâíÿííÿ âèñîòè AK çàïèøåìî ó âèãëÿäi:

A (x− x0) + B (y − y0) = 0,

äå âåêòîð íîðìàëi −→n =
−−→
BC = (−1; 7).

Òîäi,

−1 (x− 1) + 7 (y − 2) = 0,

−1x + 1 + 7y − 14 = 0,

−1x + 7y − 13 = 0,

x− 7y + 13 = 0 � ðiâíÿííÿ âèñîòè AK.
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(b) Çíàéäåìî ïëîùó òðèêóòíèêà ABC, âèêîðèñòàâøè ôîðìóëó:

S =
1

2

∣∣∣−−→BC
∣∣∣ · ∣∣∣−−→AK

∣∣∣.∣∣∣−−→BC
∣∣∣ =

√
(−1)2 + 72 =

√
1 + 49 =

√
50.

S =
1

2

√
50 · 12√

50
= 6. (êâ.îä.)

(c) Çíàéäåìî âíóòðiøíi êóòè òðèêóòíèêà ABC. Äëÿ öüîãî îá÷èñëèìî:
−→
AB = (0− 1;−3− 2) = (−1;−5) ,

|AB| =
√

(−1)2 + (−5)2 =
√

1 + 25 =
√

26,
−→
AC = (−1− 1; 4− 2) = (−2; 2) ,

|AC| =
√

(−2)2 + 22 =
√

4 + 4 =
√

8,
−−→
BC = (−1− 0; 4− (−3)) = (−1; 7) ,

|BC| =
√

(−1)2 + 72 =
√

1 + 49 =
√

50.

Òîäi,

cos∠A =

−→
AB ·

−→
AC∣∣∣−→AB

∣∣∣ · ∣∣∣−→AC
∣∣∣ =

(−1) · (−2) + (−5) · 2√
26 ·

√
8

=
−8√

26 · 2
√

2
=
−4√
52
,

∠A = arccos

(
−4√
52

)
= π − arccos

4√
52
.

cos∠B =

−→
BA ·

−−→
BC∣∣∣−→BA

∣∣∣ · ∣∣∣−−→BC
∣∣∣ =

1 · (−1) + 5 · 7√
26 ·

√
50

=
34√

26 · 5
√

2
=

34

10
√

13
=

17

5
√

13
,

∠B = arccos
17

5
√

13
.
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cos∠C =

−→
CA ·

−−→
CB∣∣∣−→CA

∣∣∣ · ∣∣∣−−→CB
∣∣∣ =

2 · 1 + (−2) · (−7)√
8 ·
√

50
=

16

2
√

2 · 5
√

2
=

4

5
,

∠C = arccos
4

5
.

(d) Çíàéäåìî êóò ìiæ ìåäiàíîþ òà áiñåêòðèñîþ, ïðîâåäåíèìè ç âåðøèíè C.
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Îá÷èñëèìî êîîðäèíàòè òî÷êè L� ñåðåäèíè âiäðiçêà AB:

xL =
xA + xB

2
=

0 + 1

2
=

1

2
, yL =

yA + yB

2
=

2− 3

2
=
−1

2
.

Çíàéäåìî íàïðÿìîê ïðÿìî¨ CL, ùî ìiñòèòü ìåäiàíó òðèêóòíèêà:

A(1; 2), B(0;−3), C(−1; 4)
−→
CL =

(
1

2
+ 1;

−1

2
− 4

)
=

(
3

2
;
−9

2

)
,

Äëÿ ç'ÿñóâàííÿ íàïðÿìêó áiñåêòðèñè CP çíàéäåìî âåêòîðè
−→
CA,

−−→
CB:

−→
CA = (1− (−1); 2− 4) = (2;−2),

−−→
CB = (0− (−1);−3− 4) = (1;−7).

Çíàéäåìî äîâæèíè âåêòîðiâ:∣∣∣−→CA
∣∣∣ =

√
22 + (−2)2 =

√
4 + 4 =

√
8 = 2

√
2,∣∣∣−−→CB

∣∣∣ =
√

12 + (−7)2 =
√

1 + 49 =
√

50 = 5
√

2.

Ïðîíîðìó¹ìî âåêòîðè
−→
CA,

−−→
CB:

−→
CA0 =

−→
CA∣∣∣−→CA
∣∣∣ =

(
2

2
√

2
;
−2

2
√

2

)
,

−−→
CB0 =

−→
CA∣∣∣−→CA
∣∣∣ =

(
1

5
√

2
;
−7

5
√

2

)
.
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Íàïðÿìîê áiñåêòðèñè CP áóäå ñïiâïàäàòè ç íàïðÿìêîì ñóìè íîðìîâàíèõ

âåêòîðiâ:
−→s =

−→
CA0 +

−−→
CB0 =

(
1√
2

+
1

5
√

2
; −1√

2
+
−7

5
√

2

)
=

(
6

5
√

2
;
−12

5
√

2

)
,

|−→s | =

√(
6

5
√

2

)2

+
(
−12
5
√

2

)2
=

6

5
√

2

√
1 + 4 =

6√
10

.

Îñêiëüêè
∣∣∣−→CL

∣∣∣ =

√
(
3

2
)2 + (

−9

2
)2 =

√
90

4
=

3
√

10

2
, òî

cos∠LCP =

−→
CL · −→s∣∣∣−→CL
∣∣∣ · |−→s | =

3
2 ·

6

5
√

2
+
−9

2
· −12

5
√

2

3
√

10

2
· 6√

10

=
126

10 · 9
√

2
=

7

5
√

2
.

Îñêiëüêè êóò ìiæ ïðÿìèìè � öå íàéìåíøèé êóò, òîìó

∠LCP = arccos
7

5
√

2
.

(e) Çíàéäåìî ðiâíÿííÿ ñåðåäíüî¨ ëiíi¨, ïàðàëåëüíî¨ ñòîðîíi AC, òà ¨¨

äîâæèíó.

Ïðîðàõîâó¹ìî êîîðäèíàòè ñåðåäèíè âiäðiçêiâ BC i AB:

xL = xA+xB

2 = 0+1
2 = 1

2 ,

yL = yA+yB

2 = 2−3
2 = −1

2 ,

L
(1

2 ;−
1
2

)
,

xM = xC+xB

2 = 0−1
2 = −1

2 ,

yM = yC+yB

2 = 4−3
2 = 1

2 ,

M
(−1

2 ; 1
2

)
.

Òîäi äîâæèíà ñåðåäíüî¨ ëiíi¨ LM áóäå äîðiâíþâàòè:∣∣∣−−→LM
∣∣∣ =

√(
−1

2 −
1
2

)2
+
(1

2 + 1
2

)2
=
√

2.

Çàïèøåìî ðiâíÿííÿ ñåðåäíüî¨ ëiíi¨ LM :
x−x1

x2−x1
= y−y1

y2−y1
⇒ x− 1

2
−1
2 −

1
2

=
y+ 1

2
1
2+ 1

2

⇒ x− 1
2

−1 =
y+ 1

2

1 ⇒ x + y = 0.
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�

Çàäà÷à 41. Äàíî êîîðäèíàòè òî÷îê A(2; 1;−3), B(1; 0;−2), C(−1; 3; 1), S(0; 5; 2).

Äîâåñòè, ùî âîíè íå ëåæàòü â îäíié ïëîùèíi. Çíàéòè:

(a) îá'åì òåòðà¹äðà ABCS;

(b) ïëîùó îñíîâè ABC;

(c) äîâæèíó âèñîòè S ïiðàìiäè, çàñòîñîâóþ÷è ôîðìóëó çíàõîäæåííÿ

âiäñòàíi âiä òî÷êè äî ïëîùèíè òà ôîðìóëó îá'¹ìà ïiðàìiäè;

(d) êóò íàõèëó ðåáðà AS äî ïëîùèíè ABC;

(e) äâîãðàííèé êóò ïðè ðåáði AB;

(f) ïëîñêèé êóò ASB ïðè âåðøèíi S;

(g) òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ ABC.

Ðîçâ'ÿçóâàííÿ. Äîâåäåìî, ùî òî÷êè A, B, C, S íå ëåæàòü â îäíié

ïëîùèíi. Öå ðiâíîñèëüíî óìîâi, ùî âåêòîðè
−→
SA,

−→
SB,

−→
SC � íåêîìïëàíàðíi.

Çíàéäåìî öi âåêòîðè:
−→
SA = (2− 0; 1− 5;−3− 2) = (2;−4;−5),
−→
SB = (1− 0; 0− 5;−2− 2) = (1;−5;−4),
−→
SC = (−1− 0; 3− 5; 1− 2) = (−1;−2;−1),

i îá÷èñëèìî ìiøàíèé äîáóòîê

−→
SA ·

−→
SB ·

−→
SC =

∣∣∣∣∣∣∣
2 −4 −5

1 −5 −4

−1 −2 −1

∣∣∣∣∣∣∣ = 9 6= 0.
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Îòæå, âåêòîðè
−→
SA,

−→
SB,

−→
SC íåêîìïëàíàðíi, ùî é äîâîäèòü òå ùî

òî÷êè A, B, C, S íå ëåæàòü â îäíié ïëîùèíi.

Çíàéäåìî îá'¹ì òåòðàåäðàABCS çà ôîðìóëîþ V =
1

6

∣∣∣−→SA ·
−→
SB ·

−→
SC
∣∣∣.

Òîäi, V =
1

6
· 9 =

3

2
(êóá.îä.)

(a)(b) Äëÿ çíàõîäæåííÿ ïëîùi îñíîâè ABC îá÷èñëèìî âåêòîðíèé äîáóòîê

âåêòîðiâ
−→
AB = (−1;−1; 1) i

−→
AC = (−3; 2; 4).

−→
AB×

−→
AC =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

−1 −1 1

−3 2 4

∣∣∣∣∣∣∣ =

∣∣∣∣∣ −1 1

2 4

∣∣∣∣∣−→i −
∣∣∣∣∣ −1 1

−3 4

∣∣∣∣∣−→j +

∣∣∣∣∣ −1 −1

−3 2

∣∣∣∣∣−→k =

= −6
−→
i +

−→
j − 5

−→
k = (−6; 1;−5).

Òîäi, S∆ABC =
1

2

∣∣∣−→AB ×
−→
AC
∣∣∣ =

1

2

√
(−6)2 + 12 + (−5)2 =

1

2

√
36 + 1 + 25,

S∆ABC =

√
62

2
(êâ.îä.)

(c) Çíàéäåìî âèñîòó ïiðàìiäè, âèêîðèñòàâøè ôîðìóëó V =
1

3
Socn · H.

Çâiäñè, H =
3V

Socn
, òîáòî H =

3 · 3
2√

62

2

=
9√
62

=
9
√

62

62
.

Òåïåð çíàéäåìî âèñîòó, ÿê âiäñòàíü âiä òî÷êè S äî ïëîùèíè ABC.

Äëÿ öüîãî çàïèøåìî ðiâíÿííÿ ïëîùèíè ABC çà ôîðìóëîþ∣∣∣∣∣∣∣
x− x1 y − y1 z − z1

x2 − x1 y2 − y1 z2 − z1

x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣ = 0.

Ïiäñòàâèìî ó âèçíà÷íèê êîîðäèíàòè òî÷îê A, B, C i îäåðæèìî:∣∣∣∣∣∣∣
x− 2 y − 1 z + 3

1− 2 0− 1 −2 + 3

−1− 2 3− 1 1 + 3

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
x− 2 y − 1 z + 3

−1 −1 1

−3 2 4

∣∣∣∣∣∣∣ = 0.

(x− 2)

∣∣∣∣∣ −1 1

2 4

∣∣∣∣∣− (y − 1)

∣∣∣∣∣ −1 1

−3 4

∣∣∣∣∣+ (z + 3)

∣∣∣∣∣ −1 −1

−3 2

∣∣∣∣∣ = 0,

−6(x− 2) + (y − 1)− 5(z + 3) = 0,

−6x + y − 5z − 4 = 0� ðiâíÿííÿ ïëîùèíè ABC.

Òîäi, H =
∣∣∣−→SO

∣∣∣ =
|Ax0 + By0 + Cz0 + D|√

A2 + B2 + C2
,

H =
|−6 · 0 + 1 · 5− 5 · 2− 4|√

(−6)2 + 12 + (−5)2
=

9√
62

=
9
√

62

62
.

(d) Çíàéäåìî êóò ìiæ ðåáðîìAS = (−2; 4; 5) i ïëîùèíîþABC, âèêîðèñòàâøè

ôîðìóëó:
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sin ϕ =
Al + Bm + Cn√

A2 + B2 + C2
√

l2 + m2 + n2
,

äå −→n = (A; B; C) � âåêòîð íîðìàëi ïëîùèíè ABC, −→n = (−6; 1;−5),
−→a = (l; m; n) � êîîðäèíàòè âåêòîðà

−→
AS, −→a = (−2; 4; 5).

Òîäi,

sin ϕ =
(−6) · (−2) + 1 · 4 + (−5) · 5√

(−6)2 + 12 + (−5)2
√

(−2)2 + 42 + 52
=

12 + 4− 25√
62
√

45
= − 3√

310
,

ϕ = arcsin
3√
310

.

(e) Çíàéäåìî äâîãðàííèé êóò ïðè ðåáði AB. Öå êóò ìiæ ïëîùèíàìè

(ABC) i (ABS), òîáòî êóò ìiæ ¨õ íîðìàëüíèìè âåêòîðàìè. Íîðìàëüíèé

âåêòîð ïëîùèíè (ABC) âiçüìåìî ç ðiâíÿííÿ äàíî¨ ïëîùèíè (ïóíêò

(c)) −→n1 = (−6; 1;−5), à íîðìàëüíèé âåêòîð −→n2 ïëîùèíè (ABS) îá-

÷èñëþ¹ìî çà äîïîìîãîþ âåêòîðíîãî äîáóòêó:

−→n2 =
−→
AB ×

−→
AS =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

−1 −1 1

−2 4 5

∣∣∣∣∣∣∣ =

=

∣∣∣∣∣ −1 1

4 5

∣∣∣∣∣−→i −
∣∣∣∣∣ −1 1

−2 5

∣∣∣∣∣−→j +

∣∣∣∣∣ −1 −1

−2 4

∣∣∣∣∣−→k =

= −9
−→
i + 3

−→
j − 6

−→
k = (−9; 3;−6).

Òîäi,

cos ∠ (−→n1,
−→n2) =

−→n1 · −→n2

|−→n1| · |−→n2|
=

(−6) · (−9) + 1 · 3 + (−5) · (−6)√
(−6)2 + 12 + (−5)2

√
(−9)2 + 32 + (−6)2

=

54 + 3 + 30√
62
√

126
=

=
87√

62 · 126
.

Îòæå, ̂(ABC) , (ABS) = arccos
87√

62 · 126
.

(f) Çíàéäåìî ïëîñêèé êóò ASB ïðè âåðøèíi S:

cos ∠ASB =

−→
SA ·

−→
SB∣∣∣−→SA

∣∣∣ · ∣∣∣−→SB
∣∣∣ =

2 · 1 + (−4) · (−5) + (−5) · (−4)√
22 + (−4)2 + (−5)2

√
12 + (−5)2 + (−4)2

,

cos ∠ASB =
2 + 20 + 20√

45
√

42
=

42√
45 · 42

=

√
14

15
.

Òîäi, ∠ASB = arccos
√

14
15 .

(g) Çíàéäåìî òî÷êó ïåðåòèíó âèñîòè ïiðàìiäè ç îñíîâîþ (ABC). Äëÿ

öüîãî çàïèøåìî ðiâíÿííÿ âèñîòè SO ó êàíîíi÷íîìó âèãëÿäi:
x− x0

l
=

y − y0

m
=

z − z0

n
,

äå íàïðÿìíèé âåêòîð âèñîòè −→a = (l; m; n) = (−6; 1;−5),
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òî÷êà, ÷åðåç ÿêó ïðîõîäèòü ïðÿìà (x0; y0; z0) = (0; 5; 2).

Îäåðæèìî,
x− 0

−6
=

y − 5

1
=

z − 2

−5
� êàíîíi÷íå ðiâíÿííÿ âèñîòè SO.

Çíàéäåìî òî÷êó ïåðåòèíó âèñîòè SO ç ïëîùèíîþ (ABC) ç ñèñòåìè

ðiâíÿíü: 
x− 0

−6
=

y − 5

1
=

z − 2

−5
= t

−6x + y − 5z − 4 = 0,
x = −6t

y = t + 5

z = −5t + 2

−6x + y − 5z − 4 = 0,

−6(−6t) + (t + 5)− 5(−5t + 2)− 4 = 0,

36t + t + 5 + 25t− 10− 4 = 0,

62t− 9 = 0,

t =
9

62
,

x = −6 · 9

62
=
−27

31

y =
9

62
+ 5 = 5

9

62

z = −5 · 9

62
+ 2 = 1

17

62

Îòæå, O

(
−27

31
; 5

9

62
; 1

17

62

)
.

�

Çàäà÷à 42. Íà ïëîùèíi çàäàíî êðèâó x2 + y2− 4 = 0. Ç'ÿñóâàòè âèä êðèâî¨,

âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ.

x2 + y2 = 4.

Öå ðiâíÿííÿ êîëà ç öåíòðîì ó ïî÷àòêó êîîðäèíàò (−4; 1) òà ðàäióñîì R = 2.
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Çàäà÷à 43. Íà ïëîùèíi çàäàíî êðèâó x2 − 4x + y2 = 0. Çíàéòè êàíîíi÷íå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Âèäiëÿ¹ìî ïîâíèé êâàäðàò âiäíîñíî çìiííî¨ x:

x2 − 4x + 4− 4 + y2 = 0.

(x− 2)2 + y2 = 22.

Öå ðiâíÿííÿ êîëà ç öåíòðîì ó òî÷öi (2; 0) òà ðàäióñîì R = 2.

-

6

x

y

r r r
0 2 4&%
'$

puc.5
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Çàäà÷à 44. Íà ïëîùèíi çàäàíî êðèâó x2 + y2 + 4y = 0. Çíàéòè êàíîíi÷íå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Âèäiëÿ¹ìî ïîâíèé êâàäðàò âiäíîñíî y:

x2 + y2 + 4y + 4− 4 = 0.

x2 + (y + 2)2 = 4.

Öå ðiâíÿííÿ êîëà ç öåíòðîì ó òî÷öi (0;−2) òà ðàäióñîì R = 2.

-

6

x

y

rrr−2

0

−4&%
'$

puc.6

�

Çàäà÷à 45. Íà ïëîùèíi çàäàíî êðèâó x2 + 8x + y2 − 2y − 32 = 0. Çíàéòè

êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà

çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Âèäiëÿ¹ìî ïîâíi êâàäðàòè:

x2 + 8x + y2 − 2y − 32 = 0.

x2 + 2 · x · 4 + 42 − 42 + y2 − 2y + 12 − 12 − 32 = 0.

(x + 4)2 + (y − 1)2 = 72.

Öå ðiâíÿííÿ êîëà ç öåíòðîì ó òî÷öi (−4; 1) òà ðàäióñîì R = 7.
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Çàäà÷à 46. Íà ïëîùèíi çàäàíî êðèâó 9x2+25y2−225 = 0. Çíàéòè êàíîíi÷íå

ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè

âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ.

9x2 + 225y2 = 225.

9x2

225
+

25y2

225
= 1.

x2

25
+

y2

9
= 1.

Îòðèìàëè ðiâíÿííÿ åëiïñà. Íàãàäà¹ìî, ùî åëiïñîì íàçèâà¹òüñÿ ãåîìåòðè÷íå

ìiñöå òî÷îê ïëîùèíè, äëÿ ÿêèõ ñóììà âiäñòàíåé äî äâîõ ôiêñîâàíèõ òî÷îê

F1 òà F2 öi¹¨ ïëîùèíè, ùî íàçèâàþòüñÿ ôîêóñàìè, ¹ ñòàëà âåëè÷èíà. Äî

îñíîâíèõ õàðàêòåðèñòèê åëiïñà âiäíîñÿòüñÿ: öåíòð ñèìåòði¨ åëiïñà, äîâæèíè

ïiââîñåé, ôîêàëüíèé ïàðàìåòð, ôîêóñè, åêñöåíòðèñèòåò òà äèðåêòðèñè åëiïñà.

Äëÿ êàíîíi÷íîãî ðiâíÿííÿ
x2

a2 +
y2

b2 = 1,

öåíòð ñèìåòði¨ ðîçòàøîâàíî ó ïî÷àòêó êîîðäèíàò, a òà b - äîâæèíè ïiâîñåé

åëiïñà. Ó âèïàäêó a > b, a� âåëèêà ïiââiñü ñèìåòði¨, b�ìàëà ïiââiñü ñèìåòði¨. Ó

öüîìó âèïàäêó ôîêàëüíèé ïàðàìåòð c =
√

a2 − b2, ôîêóñè ìàþòü êîîðäèíàòè

F1(−c; 0) òà F2(c; 0). Åêñöåíòðèñèòåòîì åëiïñà íàçèâàþòü ÷èñëî ε = c
a =√

1− b2

a2 ,ùî õàðàêòåðèçó¹ ìiðó ñòèñíåííÿ äî âiñi, ùî ìiñòèòü ôîêóñè. Äèðåêòðèñàìè
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åëiïñà íàçèâàþòü âåðòèêàëüíi ïðÿìi, ùî çàäàþòüñÿ ðiâíÿííÿìè x = ±a

ε
àáî

x = ±a2

c
.

Ó íàøîìó âèïàäêó
x2

52 +
y2

32 = 1 öåíòð ñèìåòði¨ åëiïñà O (0; 0), ïiââiñi

a = 5, b = 3, ïðè÷îìó a > b, òîìó ôîêàëüíèé ïàðàìåòð c =
√

52 − 32,

c = 4. Ôîêóñè åëiïñà ëåæàòü íà âiñi y = 0, âiäõèëÿþ÷èñü âiä òî÷êè 0 âëiâî òà

ïðàâîðó÷ íà âiäñòàíü c = 4, òîáòî F1(4; 0), F2(−4, 0). Åêñöåíòðèñèòåò öüîãî

åëiïñà ε =
c

a
=

4

5
. Äèðåêòðèñàìè áóäóòü ïðÿìi x = ±a

ε
, x =

25

4
, x = −25

4
.

Âèêîíó¹ìî íåîáõiäíi êðåñëåííÿ:

-

6

x

y

0
r

äèðåêòðèñà
x = −25

4
äèðåêòðèñà

x = 25
4

−3
r−5

r
5
rF1r

4
F2r
−4

3r

puc.8
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Çàäà÷à 47. Íà ïëîùèíi çàäàíî êðèâó 169x2 + 25y2 − 4225 = 0. Çíàéòè

êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà

çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ.

169x2 + 25y2 − 4225 = 0.

169x2 + 25y2 = 4225.

169x2

4225
+

25y2

4225
= 1.

x2

25
+

y2

169
= 1.

Îòðèìàëè ðiâíÿííÿ åëiïñà. Äëÿ êàíîíi÷íîãî ðiâíÿííÿ

x2

a2 +
y2

b2 = 1,
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öåíòð ñèìåòði¨ ðîçòàøîâàíî ó ïî÷àòêó êîîðäèíàò, a òà b - äîâæèíè ïiâîñåé

åëiïñà. Ó âèïàäêó b > a ìà¹ìî b� âåëèêà ïiââiñü ñèìåòði¨, a�ìàëà ïiââiñü

ñèìåòði¨. Òîìó ôîêàëüíèé ïàðàìåòð c =
√

b2 − a2, ôîêóñè ðîçòàøîâàíi íà

âiñi OY òà ìàþòü êîîðäèíàòè F1(0;−c) òà F2(0; c). Åêñöåíòðèñèòåò òàêîãî

åëiïñà ε =
c

b
=

√
1− a2

b2 . Äèðåêòðèñè åëiïñà x2

a2 + y2

b2 = 1, ó âèïàäêó b > a

çàäàþòüñÿ ðiâíÿííÿìè y = ±b

ε
àáî y = ±b2

c
.

Ó íàøîìó âèïàäêó b > a ìà¹ìî b = 13� âåëèêà ïiââiñü ñèìåòði¨, a = 5�

ìàëà ïiââiñü ñèìåòði¨. Ôîêàëüíèé ïàðàìåòð c =
√

b2 − a2 =
√

132 − 52 = 12,

ôîêóñè ðîçòàøîâàíi íà âiñi OY òà ìàþòü êîîðäèíàòè F1(0; 12) òà F2(0;−12).

Åêñöåíòðèñèòåò òàêîãî åëiïñà ε =
c

b
=

12

13
. Äèðåêòðèñè åëiïñà çàäàþòüñÿ

ðiâíÿííÿìè y = ±b

ε
àáî y = ±169

12
. Âèêîíó¹ìî êðåñëåííÿ:

-

6

x

y

0
r

äèðåêòðèñà
y = 169

12

äèðåêòðèñà
y = −169

12

−13r

F1
r

F2r

5
r

−5
r

13r

puc.9
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Çàäà÷à 48. Íà ïëîùèíi çàäàíî êðèâó (x−3)2

100 + (y−2)2

64 = 1. Ç'ÿñóâàòè òèï

öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè âiäïîâiäíi

êðåñëåííÿ.
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Ðîçâ'ÿçóâàííÿ.
(x− 3)2

100
+

(y − 2)2

64
= 1.

Ìà¹ìî ðiâíÿííÿ åëiïñà ç öåíòðîì ñèìåòði¨ ó òî÷öi (x0; y0):

(x− x0)
2

a2 +
(y − y0)

2

b2 = 1.

Öåíòð ñèìåòði¨ åëiïñà çíàõîäèòüñÿ â òî÷öi C (3; 2) òîìó ïîòðiáíî â öié òî÷öi

ðîòàøóâàòè äîïîìiæíó ñèñòåìó êîîðäèíàò. Ó íàøîìó âèïàäêó ïiââiñi a = 10,

b = 8, ïðè÷îìó a > b, òîìó ôîêàëüíèé ïàðàìåòð c =
√

102 − 82, c = 6.

Â öüîìó âèïàäêó ôîêóñè åëiïñà ëåæàòü íà ïðÿìié y = 2, âiäõèëÿþ÷èñü âiä

òî÷êè C ëiâîðó÷ òà ïðàâîðó÷ íà âiäñòàíü c = 6, òîáòî F1(x0 + c; y0), F2(x0 −
c, y0).Ìà¹ìî F1(3 + 6; 2), F2(3 − 6, 2) ⇒ F1(9; 2), F2(−3, 2). Åêñöåíòðèñèòåò

öüîãî åëiïñà ε =
c

a
=

6

10
. Äèðåêòðèñè áóäóòü ãîðèçîíòàëüíèìè ïðÿìèìè

x = x0 ±
a

ε
, x = 3± a

ε
, x = 3 +

100

6
, x = 3− 100

6
.

-

6

x

y

0
r Cr A1rA2r F1r

3

F2r 2

B2
r

B1r

äèðåêòðèñà
x = 3− 100

6 äèðåêòðèñà
x = 3 + 100

6

puc.10
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Çàäà÷à 49. Íà ïëîùèíi çàäàíî êðèâó 100x2 +200x+36y2− 360y− 2600 = 0.

Çíàéòè êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè

òà çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Âèäiëÿ¹ìî ïîâíi êâàäðàòè:

100x2 + 200x + 36y2 − 360y − 2600 = 0.
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100(x2 + 2x) + 36(y2 − 10y)− 2600 = 0.

100(x2 + 2x + 1− 1) + 36(y2 − 2 · y · 5 + 52 − 52)− 2600 = 0.

100(x + 1)2 − 100 + 36(y − 5)2 − 900− 2600 = 0.

100(x + 1)2 + 36(y − 5)2 = 3600.

(x + 1)2

62 +
(y − 5)2

102 = 1.

Îòðèìàëè ðiâíÿííÿ åëiïñà.

Äëÿ êàíîíi÷íîãî ðiâíÿííÿ

(x− x0)
2

a2 +
(y − y0)

2

b2 = 1.

öåíòð ñèìåòði¨ ðîçòàøîâàíî â òî÷öi (x0; y0), òîáòî C (−1; 5). Ó âèïàäêó b > a

ìà¹ìî b = 10� âåëèêà ïiââiñü ñèìåòði¨, a = 6�ìàëà ïiââiñü ñèìåòði¨. Òîìó

ôîêàëüíèé ïàðàìåòð c =
√

b2 − a2 =
√

102 − 62 = 8, ôîêóñè ðîçòàøîâàíi

íà âåðòèêàëüíié ïðÿìié x = −1, ÿêà ïàðàëåëüíà OY , âiäõèëÿþòüñÿ âãîðó

òà âíèç íà âiäñòàíü c, òîìó ìàþòü êîîðäèíàòè F1(x0; y0 + c) òà F2(x0; y0 − c),

òîáòî F1(−1; 5+8) òà F2(−1; 5−8). Åêñöåíòðèñèòåò òàêîãî åëiïñà ε =
c

b
=

8

10
.

Äèðåêòðèñàìè åëiïñà ó âèïàäêó b > a áóäóòü ãîðèçîíòàëüíèìè ïðÿìèìè ÿêi

çàäàþòüñÿ ðiâíÿííÿìè y = y0±
b

ε
àáî y = 5± 100

8
, òîáòî y = 17, 5, y = −7, 5.

-

6

x

y

äèðåêòðèñà

äèðåêòðèñà

rF1
ôîêóñ

rF2
ôîêóñ

r r
b = 10

a = 6

−1

5
r

0
r
r
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Çàäà÷à 50. Íà ïëîùèíi çàäàíî ðiâíÿííÿ êðèâî¨ 225x2 − 400y2 − 3600 = 0.

Çíàéòè êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè

òà çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ.

225x2 − 400y2 − 3600 = 0.

225x2 − 400y2 = 3600.

225x2

3600
− 400y2

3600
= 1.

x2

16
− y2

9
= 1.

Îòðèìàëè ðiâíÿííÿ ãiïåðáîëè. Íàãàäà¹ìî, ùî ãiïåðáîëîþ íàçèâà¹òüñÿ ãåîìåò-

ðè÷íå ìiñöå òî÷îê ïëîùèíè, äëÿ ÿêèõ ìîäóëü ðiçíèöi âiäñòàíåé äî äâîõ ôiêñîâàíèõ

òî÷îê F1 òà F2 öi¹¨ ïëîùèíè, ùî íàçèâàþòüñÿ ôîêóñàìè, ¹ ñòàëà âåëè÷èíà.

Äî îñíîâíèõ õàðàêòåðèñòèê ãiïåðáîëè âiäíîñÿòüñÿ: öåíòð ñèìåòði¨ ãiïåðáîëè,

äîâæèíè ïiââiñåé, äiéñíà òà óÿâíà âiñi ñèìåòði¨, ôîêàëüíèé ïàðàìåòð, ôîêóñè,

åêñöåíòðèñèòåò, àñèìïòîòè òà äèðåêòðèñè ãiïåðáîëè. Äëÿ êàíîíi÷íîãî ðiâíÿííÿ

x2

a2 −
y2

b2 = 1,

öåíòð ñèìåòði¨ ðîçòàøîâàíî ó ïî÷àòêó êîîðäèíàò, a òà b � äîâæèíè ïiââiñåé

ãiïåðáîëè, ïðè÷îìó y = 0� äiéñíà âiñü ñèìåòði¨, x = 0 � óÿâíà âiñü ñèìåòði¨.

Ôîêàëüíèé ïàðàìåòð c =
√

a2 + b2, ôîêóñè ìàþòü êîîðäèíàòè F1(−c; 0) òà

F2(c; 0). Åêñöåíòðèñèòåòîì ãiïåðáîëè íàçèâàþòü ÷èñëî ε = c
a =

√
1 + b2

a2 ,

ùî õàðàêòåðèçó¹ ìiðó ñòèñíåííÿ äî âiñi, ùî ìiñòèòü ôîêóñè. Àñèìïòîòàìè

ãiïåðáîëè
x2

a2 −
y2

b2 = 1, íàçèâàþòü ïðÿìi, ùî çàäàþòüñÿ ðiâíÿííÿìè y = ± b

a
x.

Äèðåêòðèñàìè ãiïåðáîëè íàçèâàþòü ïðÿìi, ùî ïåðïåíäèêóëÿðíi äî äiéñíî¨

âiñi ñèìåòði¨ òà çàäàþòüñÿ ðiâíÿííÿìè x = ±a

ε
.

Äàíà ãiïåðáîëà ìà¹ ðiâíÿííÿ
x2

42 −
y2

32 = 1, Öåíòð ñèìåòði¨ ãiïåðáîëè

ðîçòàøîâàíî ó ïî÷àòêó êîîðäèíàò O (0; 0), äiéñíà ïiââiñü a = 4, óÿâíà ïiââiñü

b = 3, ôîêàëüíèé ïàðàìåòð c =
√

42 + 32, c = 5. Ôîêóñè ãiïåðáîëè ëåæàòü

íà y = 0, âiäõèëÿþ÷èñü âiä ïî÷àòêó êîîðäèíàò íà âåëè÷èíó c = 5, òîáòî

F1(5; 0), F2(−5; 0). Åêñöåíòðèñèòåò ãiïåðáîëè ε =
c

a
=

5

4
. Äèðåêòðèñàìè

áóäóòü âåðòèêàëüíi ïðÿìèìè x = ±a

ε
, x =

16

5
, x = −16

5
. Àñèìïòîòè ãiïåðáîëè

y = ± b

a
x, òîáòî y = ±3

4
x.

Äëÿ ïîáóäîâè ãðàôiêà áàæàíî äîòðèìóâàòèñÿ íàñòóïíîãî àëãîðèòìó:
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1) çà ðiâíÿííÿì êðèâî¨ çíàõîäèìî öåíòð ñèìåòði¨, ç'ÿñîâó¹ìî çíà÷åííÿ

äiéñíî¨ òà óÿâíî¨ ïiââiñåé ñèìåòði¨, çíà÷åííÿ ôîêàëüíîãî ïàðàìåòðà;

2) âiä öåíòðà ñèìåòði¨ (0; 0) êðèâî¨ âiäêëàäà¹ìî ïî ãîðèçîíòàëi ±a, ïî

âåðòèêàëi±b. Áóäó¹ìî ïðÿìîêóòíèê çi ñòîðîíàìè 2a òà 2b, ïðè÷îìó âií îòðèìó¹òüñÿ

â ðåçóëüòàòi ïåðåòèíó ïðÿìèõ x = ±a, y = ±b;

3) ïðîâîäèìî àñèìïòîòè ãiïåðáîëè � äiàãîíàëi îòðèìàíîãî ïðÿìîêóòíèêà,

ïðè÷îìó íàñ öèêàâëÿòü çîâíiøíi ÷àñòèíè äiàãîíàëåé;

4)âèçíà÷à¹ìî, äå çíàõîäÿòüñÿ âåðøèíè òà ôîêóñè ãiïåðáîëè (çàâæäè íà

äiéñíî¨ âiñi ñèìåòði¨). Âiäìi÷à¹ìî ¨õ íà ìàëþíêó;

5) ïðîâîäèìî âiòè ãiïåðáîëè ÷åðåç âåðøèíè, íàáëèææóþ÷è ¨õ äî àñèìïòîò;

6) ïðîâîäèìî äèðåêòðèñè ãiïåðáîëè.
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Çàäà÷à 51. Íà ïëîùèíi çàäàíî ðiâíÿííÿ êðèâî¨ 36x2 − 64y2 + 2304 = 0.

Çíàéòè êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè

òà çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ.

36x2 − 64y2 = −2304.

36x2

−2304
− 64y2

−2304
= 1.

−x2

64
+

y2

36
= 1.
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Îòðèìàëè ðiâíÿííÿ ãiïåðáîëè. Ìà¹ìî êàíîíi÷íå ðiâíÿííÿ

−x2

a2 +
y2

b2 = 1,

çâåðòà¹ìî óâàãó íà òå, ùî çíàê "ìiíóñ"çíàõîäèòüñÿ ïðè x2. Â öüîìó âèïàäêó

ãiïåðáîëó íàçèâàþòü ñïðÿæåíîþ i âîíà ðîçìiùåíà "âåðòèêàëüíî". Äëÿ ñïðÿæåíî¨

ãiïåðáîëè öåíòð ñèìåòði¨ òàêîæ ðîçòàøîâàíî ó ïî÷àòêó êîîðäèíàò, a = 8

òà b = 6 � äîâæèíè ïiâîñåé åëiïñà, ïðè÷îìó x = 0� äiéñíà âiñü, y = 0�

óÿâíà âiñü ñèìåòði¨. Ôîêàëüíèé ïàðàìåòð c =
√

a2 + b2 = 10, ôîêóñè ìàþòü

êîîðäèíàòè F1(0; c) òà F2(0;−c), F1(0; 10), F2(0;−10). Åêñöåíòðèñèòåò òàêî¨

ãiïåðáîëè ¹ ÷èñëî ε =
c

b
=

10

6
, àñèìïòîòàìè ãiïåðáîëè ¹ ïðÿìi, ùî çàäàþòüñÿ

ðiâíÿííÿìè y = ± b

a
x, òîáòî y = ±3

4x, à äèðåêòðèñàìè ãiïåðáîëè áóäóòü ïðÿìi,

ùî ïåðïåíäèêóëÿðíi äî äiéñíî¨ âiñi ñèìåòði¨ òà ìàþòü ðiâíÿííÿìè y = ±b

ε
,

y = ±36
10 .
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Çàäà÷à 52. Íà ïëîùèíi çàäàíî ðiâíÿííÿ êðèâî¨
(x + 4)2

9
− (y − 1)2

16
= 1.

Çíàéòè êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè

òà çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Öå ðiâíÿííÿ ãiïåðáîëè. Öåíòð ñèìåòði¨ ðîçòàøîâàíî ó òî÷öi

(−4; 1), a = 3 òà b = 4 � äîâæèíè ïiââiñåé ãiïåðáîëè, ïðè÷îìó y = 1

äiéñíà âiñü ñèìåòði¨, x = −4 óÿâíà âiñü ñèìåòði¨. Ôîêàëüíèé ïàðàìåòð c =√
a2 + b2 =

√
9 + 16 = 5, ôîêóñè ìàþòü êîîðäèíàòè F1 (−4 + 5; 1) òà F2 (−4− 5; 1),

òîáòî F1 (1; 1) òà F2 (−9; 1). Åêñöåíòðèñèòåòîì ãiïåðáîëè áóäå ÷èñëî ε =
c

a
=
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5

3
. Äèðåêòðèñàìè áóäóòü âåðòèêàëüíi ïðÿìèìè x = x0 ±

a

ε
, x = −4 ± 9

5
,

x = −11

5
, x =

−29

5
. Àñèìïòîòè ãiïåðáîëè y − y0 = ± b

a
(x− x0), òîáòî y =

1 ± 4

3
(x + 4). Äëÿ ïîáóäîâè ãðàôiêó áóäåìî äîòðèìóâàòèñÿ âèùåâêàçàíîãî

àëãîðèòìó:
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Çàäà÷à 53. Íà ïëîùèíi çàäàíî ðiâíÿííÿ êðèâî¨ −400x2 − 1600x + 225y2 −
450y − 91375 = 0. Çíàéòè êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨

îñíîâíi õàðàêòåðèñòèêè òà çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Âèäiëÿ¹ìî ïîâíi êâàäðàòè:

−400x2 − 1600x + 225y2 − 450y − 91375 = 0.

−400(x2 + 4x) + 225(y2 − 2y)− 91375 = 0.

−400(x2 + 4x + 4− 4) + 225(y2 − 2y + 1− 1)− 91375 = 0.

−400(x + 2)2 + 1600 + 225(y − 1)2 − 225− 91375 = 0.

−400(x + 2)2 + 225(y − 1)2 = 90000.

(x + 2)2

152 − (y − 1)2

202 = −1.

−(x + 2)2

152 +
(y − 1)2

202 = 1.

Îòðèìàëè ðiâíÿííÿ ãiïåðáîëè. ßêùî ãiïåðáîëà ìà¹ ðiâíÿííÿ
(x− x0)

2

a2 −
(y − y0)

2

b2 = 1, òîäi ïîòðiáíî ïåðåìiñòèòè ïî÷àòîê êîîðäèíàò ó òî÷êó (x0; y0)

òà âðàõóâàòè âiäïîâiäíèé çñóâ ïðè îá÷èñëåííi õàðàêòåðèñòèê ãiïåðáîëè, à

ñàìå ôîêóñè ìàþòü êîîðäèíàòè F1(x0 − c; y0) òà F2(x0 + c; y0), àñèìïòîòàìè
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ãiïåðáîëè ¹ ïðÿìi, ùî çàäàþòüñÿ ðiâíÿííÿìè y−y0 = ± b

a
(x− x0), äèðåêòðèñàìè

ãiïåðáîëè áóäóòü ïðÿìi, ùî ìàþòü ðiâíÿííÿ y = y0 ±
a

ε
.

Äàíà ãiïåðáîëà ìà¹ ðiâíÿííÿ
(x + 2)2

152 − (y − 1)2

202 = −1, òîìó ïîòðiáíî

ïåðåìiñòèòè ïî÷àòîê êîîðäèíàò ó òî÷êó (−2; 1). Öåíòð ñèìåòði¨ ãiïåðáîëè

(−2; 1), óÿâíà ïiââiñü a = 15, äiéñíà ïiââiñü b = 20, ôîêàëüíèé ïàðàìåòð

c =
√

152 + 202, c = 25. Ó âèïàäêó b-äiéñíà ïiââiñü ñèìåòði¨ ôîêóñè ãiïåðáîëè

ëåæàòü íà âåðòèêàëüíié ïðÿìié x = −2, âiäõèëÿþ÷èñü âiä òî÷êè (−2; 1)

âãîðó òà âíèç íà âåëè÷èíó c = 25, òîáòî F1 (x0; y0 + c), F2 (x0; y0 − c), à ñàìå

F1(−2; 26), F2(−2;−24). Åêñöåíòðèñèòåò ãiïåðáîëè ε =
c

b
=

25

20
. Äèðåêòðèñè

áóäóòü ãîðèçîíòàëüíèìè ïðÿìèìè y = y0 ±
b

ε
, y = 1 +

400

25
, y = 1 − 400

25
.

Òàêèì ÷èíîì, äèðåêòðèñè y = 17, y = −15. Àñèìïòîòè ãiïåðáîëè y − y0 =

± b

a
(x− x0), òîáòî y − 1 = ±20

15
(x + 2).

Äëÿ ïîáóäîâè ãðàôiêà âèäåëåííÿì ïîâíèõ êâàäðàòiâ, çâîäèìî ðiâíÿííÿ

êðèâî¨ äî êàíîíi÷íîãî âèãëÿäó
(x− x0)

2

a2 −(y − y0)
2

b2 = ±1.Ïiñëÿ öüîãî äîòðèìó¹ìîñÿ

âèùåîïèñàíîãî àëãîðèòìó (äèâ ïðèêëàä 50).
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Çàäà÷à 54. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó x2 − 8y = 0. Çíàéòè

êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà

çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Äàíî: x2 − 8y = 0. Îñêiëüêè â ðiâíÿííi ïðèñóòíié òiëüêè

îäèí êâàäðàò, òî ìè ìà¹ìî ðiâíÿííÿ ïàðàáîëè. Íàãàäà¹ìî, ùî ïàðàáîëîþ
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íàçèâà¹òüñÿ ãåîìåòðè÷íå ìiñöå òî÷îê ïëîùèíè, äëÿ ÿêèõ âiäñòàíü äî äåÿêî¨

ôiêñîâàíî¨ òî÷êè F (ÿêó íàçèâàþòü ôîêóñîì) öi¹¨ ïëîùèíè äîðiâíþ¹ âiäñòàíi

äî äåÿêî¨ ôiêñîâàíî¨ ïðÿìî¨ (ÿêó íàçèâàþòü äèðåêòðèñîþ) ç öi¹¨ æ ïëîùèíè.

Äî îñíîâíèõ õàðàêòåðèñòèê ïàðàáîëè âiäíîñÿòü: âåðøèíó, âiñü ñèìåòði¨, ôîêàëüíèé

ïàðàìåòð, ôîêóñ òà äèðåêòðèñó ïàðàáîëè.

ßêùî x2 = 2py êàíîíi÷íå ðiâíÿííÿ ïàðàáîëè, òî y = −p

2
- äèðåêòðèñà

ïàðàáîëè, ôîêàëüíèé ïàðàìåòð c =
p

2
, à ôîêóñ ìà¹ êîîðäèíàòè F (0; c).

Ó äàíîìó âèïàäêó x2 = 2·4y, òîáòî p = 4. Âåðøèíà ïàðàáîëè çíàõîäèòüñÿ

â òî÷öi (0; 0), ïàðàáîëà ñèìåòðè÷íà âiäíîñíî ïðÿìié x = 0, ôîêàëüíèé ïàðàìåòð

c =
p

2
= 2. Ìà¹ìî y = −2 - äèðåêòðèñà ïàðàáîëè, ôîêóñ ìà¹ êîîðäèíàòè

F (0; 2).
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Çàäà÷à 55. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó 4x − y2 = 0. Çíàéòè

êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè òà

çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Äàíî: 4x−y2 = 0. Îñêiëüêè â ðiâíÿííi ïðèñóòíié òiëüêè îäèí

êâàäðàò, òî ìè ìà¹ìî ðiâíÿííÿ ïàðàáîëè. ßêùî y2 = 2px êàíîíi÷íå ðiâíÿííÿ

ïàðàáîëè, òî x = −p

2
- äèðåêòðèñà ïàðàáîëè, ôîêàëüíèé ïàðàìåòð c =

p

2
, à

ôîêóñ ìà¹ êîîðäèíàòè F (; 0).

Ó äàíîìó âèïàäêó y2 = 2 · 2x, òîäi âåðøèíà ïàðàáîëè (0; 0), ïàðàìåòð

p = 2, ôîêàëüíèé ïàðàìåòð c = 1, x = −1 - äèðåêòðèñà ïàðàáîëè, ôîêóñ ìà¹

êîîðäèíàòè F (1; 0), y = 0 - âiñü ñèìåòði¨ ïàðàáîëè.
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Çàäà÷à 56. Íà ïëîùèíi çàäàíî êðèâó äðóãîãî ïîðÿêó x+12y2−48y+51 = 0.

Çíàéòè êàíîíi÷íå ðiâíÿííÿ öi¹¨ êðèâî¨, âèçíà÷èòè ¨¨ îñíîâíi õàðàêòåðèñòèêè

òà çðîáèòè âiäïîâiäíi êðåñëåííÿ.

Ðîçâ'ÿçóâàííÿ. Äàíî: x + 12y2− 48y + 51 = 0. Îñêiëüêè â ðiâíÿííi ïðèñóòíié

òiëüêè îäèí êâàäðàò, òî ìè ìà¹ìî ðiâíÿííÿ ïàðàáîëè. Ó öüîìó âèïàäêó 12y2−
48y + 51 = −x, òîáòî 12(y2 − 4y) + 51 = −x,

çâiäêè 12 · (y − 2)2 − 48 + 51 = −x ⇒ 12 · (y − 2)2 = −x− 3

àáî (y − 2)2 = 2 · −1
24 (x + 3) � öå êàíîíi÷íå ðiâíÿííÿ ïåðàáîëè. Âåðøèíà

ïàðàáîëè (−3; 2), ïàðàìåòð p =
−1

24
, ôîêàëüíèé ïàðàìåòð c =

−1

48
, âiñü

ñèìåòði¨ êðèâî¨ y = 2. Îñêiëüêè äëÿ çìiùåííî¨ ïàðàáîëè íåîáõiäíî âðàõîâóâàòè

çñóâ âåðøèíè, òî x = x0−
p

2
- äèðåêòðèñà ïàðàáîëè, à ôîêóñ ìà¹ êîîðäèíàòè

F (x0 +c; y0), òîäi x = −3−−1

48
- äèðåêòðèñà ïàðàáîëè, ôîêóñ ìà¹ êîîðäèíàòè

F (−3 +
−1

48
; 2).
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Íàéïðîñòiøà iäåÿ - çðîáèòè, ÿê ó øêîëi:

x = −12y2 + 48y − 51.

yB = − b

2a
= − 48

−24
= 2. xB = −48 + 96− 51 = −3.

Äëÿ òîãî, ùîá âiñi êîîðäèíàò áóëè ðîçìiùåíi ñòàíäàðòíî, ïîòðiáíî ïîâåðíóòè

ðèñóíîê íà 90◦ ïðîòè ãîäèííèêîâî¨ ñòðiëêè, à ïiñëÿ öüîãî çðîáèòè äçåðêàëüíó

ñèìåòðiþ âiäíîñíî âiñi OY. �
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